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Abstract. Motivated by the Erdos multiplication table problem we study the following 
question: Given numbers A^i, . . . , iVfc+i: how many distinct products of the form rii ■ ■ ■ rik^i 
with 1 < Ui < Ni ioi i E {1, . . . , fc + 1} are there? Call Ai^^i{Ni, . . . , N^+i) the quantity 
in question. Ford established the order of magnitude of A2{Ni, N2) and the author of 
Ak+i {N, . . . , A^) for all fc > 2. In the present paper we generalize these results by establishing 
the order of magnitude of Ak+i{Ni, . . . , Nk+i) for arbitrary choices of A^i, . . . , Nk+i when 
2 < fc < 5. Moreover, we obtain a partial answer to our question when fc > 6. Lastly, we 
develop a heuristic argument which explains why the limitation of our method is fc = 5 in 
general and we suggest ways of improving the results of this paper. 
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1. Introduction 

1.1. The Erdos multiplication table problem and its generalizations. In 1955 Erdos 
posed the so-called multiplication table problem |E55] : Given a large number N, how many 
integers can be written as a product ah with a < N and b < N7 Erdos gave the first estimates 
of this quantity |E55[ [E60] . which were subsequently sharpened by Tenenbaum |T84j. The 
problem of establishing the order of magnitude of the size of the N x N multiplication table 
was completely solved by Ford in |Fo08a[ IFo08b] , where he showed that 

MN) :^ \{ai : a < TV and . < X (i„^^),a/ J^loglogiVj^/'^ ^ 

where 

Q{u) := I \ogt dt = uXogu — u + 1 (m > 0). 



More generally, we may ask the same question about higher dimensional analogues of the 
multiplication table problem, that is to say, we may ask for estimates of 

Ak+i{N) := IK ■ ■ -nfe+i : m < N {I < i < k + 1)}|. 

In [KlOaj the author determined the order of Akj^i{N) for every fixed k > 2: we have that 

Ak+i{N) Xfc ^iQg^^Q(fc/iog(fc+i))Qogiogjv)3/2 (^>3)- 

In the present paper we broaden our scope and study the number of integers that appear 
in a (/c + l)-dimensional multiplication table when the side lengths of the table are different. 
More precisely, given numbers A^i, . . . , Nk+i, we seek uniform bounds on 

Ak+i{Ni, . . . , Nk+i) := \{ni ■ --nk+i : rn < Ni {1 < i < k + 1)}|. 

Instead of studying Ak+i{Ni, . . . , N^+i) directly, we focus on a closely related function: Given 
x>l,y = ivi, . ..,yk) eR'' and z = (z^, . . . , Zk) e M^, define 

^(fc+i)^^^ y^z) = \{n<x: 3di ■ ■ ■ dk\n such that Hi < di < Zi {1 < i < k)}\. 

The following theorem establishes the expected quantitative relation between A^^i^Ni, . . . , A^^+i) 
and H^''~^^\x, y, z); its proof will be given in Subsection 13.41 
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Theorem 1.1. Let k > 1 and 3 < Ni < N2 < ■ ■ ■ < Nk+i. Then 

Ak+i{N,, Nk+,) X, i/C^+i) (^iVi • • ■ Nk+u (^^, . . . , , (iVi, . . . , AT,) 

In hght of the above theorem, it suffices to restrict ourselves to the study of H^''^^\x, y, 2y), 
which is slightly easier technically. What is more, bounds on H^''~^^\x,y,2y) have appli- 
cations beyond the multiplication table problem (for example, see |Fo08b] for several such 
applications when k = 1). Before we state the results of this paper, we summarize some al- 
ready known estimates on H^''~^^\x, y, 2y) in the theorem below. Briefly, this theorem gives 
the order of magnitude of H^''~^^\x,y,2y) when the numbers logyi, ■ ■ ■ ,logyk are roughly 
of the same size. In particular, it establishes the order of magnitude H^'^\x,y,2y) for all 
y and x. For a proof of it we refer the reader to [FoOSaj IFoOSbj and [KlOaj : the first two 
papers handle the case k = 1 and the latter the case k > 2. 

Theorem 1.2 (Ford |Fo08al[Fo08b] . Koukoulopoulos pOOaj ). Letk>l,c>l and S > 0. 
Consider numbers x > 3 and 3 < yi < ■ ■ ■ < yu < yl with 2^^^yi ■ ■ ■ yk ^ x/yf. Then 

In this manuscript we extend Theorem II. 21 to a broader range of the parameters yi, . . . ,yk- 
In particular, when 2 < /c < 5 we establish the order of H^^^^\x,y,2y) for any choice of 
the parameters yi, . . . ,yk- In order to state our results we introduce some notation. Given 
numbers 3 = yo < yi <■■■< yk, set 

,. = ,ogli«i (1 <.<*). 

logl/i-1 

Also, let ii be the smallest element of {1, . . . ,k} such that 

ii^ = max{£i : 1 < i < A;} 

and define 13 = (3{k; y) by 

(1 + ^1 + ■ ■ ■ + 4„i)(l + 4+1 + ■ ■ ■ + 4) 



(} = min 

Lastly, define a = a{k; y) implicitly, via the equation 

k k 

-1 + 2)" \og{k - I + 2)£i = ^{k - I + 1%. 

i=l i=l 

Note that 

a > min - — — ^ -log ( , A = r^log | ) = 0.528766373... 

- i<i<k \og{k - i + 2) ^ \log{k - i + 2) J log2 Vlog2/ 

as well as 

" - 1™ \og{k -t + 2) [hi(k^iT2) ) ~ \og{k + 1) Vlog(A; + l) ) ^ 
(here we used Lemma [2.21 which will be stated and proven in Section [2]). 
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Theorem 1.3. Let k G {2, 3, 4, 5}, x > 3 and 3 < yi < ■ ■ ■ < yk be such that 2^yi ■ ■ - yk < 
x/yk- Then 

X Vloglog^fe f J- V log Vi-i 

As we shall see later, the hypothesis that k G {2, 3, 4, 5} in the above theorem is necessary: 
when k > 6 there are choices of the parameters yi,...,yk for which H^'^^^\x^y^2y) has 
genuinely smaller order than what Theorem 11.31 predicts. However, if log yk is not much 
bigger than logyi, then the conlcusion of Theorem 11.31 is valid. More precisely, we have the 
following result, which extends Theorem II. 2[ 

Theorem 1.4. Let /c > 6, x > 3 and 3 < yi < ■ ■ ■ < yk be such that 2^yi ■ ■ - yk ^ x/yk and 
logl/fc < (logyi)^^'' for a sufficiently small positive 5 = S{k). Then 

H^'^H^,y,2y) log^ ' / Jogy^ V^"^"^^^^'^^ _ 

X (loglog?/i)3/2 1^1 \^log?/i_iy 

1.2. Main results. Both Theorems ll.3l and ll.4l are consequences of a more general estimate 
on 2y), which is the main result of this paper. 

Theorem 1.5. Let k > 2, x > 3 and 3 < yi < ■ ■ ■ < yk be such that 2^yi ■ ■ - yk < x/yk- 
Then 

H(>'+^\x,y,2y) /3 ' / Jog^^ 

X Vloglog?/fc fj- V log yi-1 

If we also assume that 

(1.1) . > 1 + . - , „' , log + ^' '"SC^ + 1) - 



log(A; + 1) V k 
for some fixed e > 0, then 

H^'^^\x,y,2y) ^ /3 A / logy. \ -^^^^^^^"^ 
X y/\og\ogyk fj- Vlog?/i-i/ 

Condition (11. ip is essentially optimal in the sense that for every fixed 7 that satisfies 

1 , / 1 \ ^ 1 , /(A; + l)log(fc + l) -21og2 

(1-2) 1 — n log 1 — K < 7 < 1 - , , log ' ' 



log2 Vlog2/ log(A; + l) V k-1 

there is a choice of yi <■■■< yk such that a = a{k;y) = 7 and for which the order of 
2y) is genuinely smaller than the one stated above. We shall discuss this further 
in the next section using some heuristic arguments. In relation to our comments following 
the statement of Theorem II. 3[ note that the smallest value of k for which the range (II. 2p is 
non-empty is A; = 6. 

Despite its optimality, condition (II. ip is not very easy to work with due to the implicit 
definition of a. Below we state a weaker version of Theorem II. 5 [ whose hypotheses are easier 
to verify. 
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Corollary 1.6. Let k > 2, h E {l,...,k}, x > 3 and 3 < yi < ■ ■ ■ < i/k such that 
1 r k-h+1 \ ^ 1 , /(A; + l)log(A; + l)-21og2 

log -^ n > 1 - 1 /, , ,N log 



\og{k-h + 2) \\og{k - h + 2) J log(A; + 1) V k-1 

and logy/j < {logyh)^^^ for a sufficiently small positive 5 = 5{k). Then 

H(^+'\x,y,2y) (3 logy, 



X Vl0gl0g?/fc V log Vi-l 



Proof. We consider for the moment 5 to be a free parameter. Since logy^ < i\ogyhY^ , we 
have that 

h h 

^{k-i + 2Y\og{k-i + 2y, = + Ok{S)){k - 1 + 

i=l i=l 

Therefore 

" ^ log{k - . + 2) ( ^^^+2) ) ' ^'^^^ 

= logik-h + 2) {logik-hU)) - ^'^^^^ 

by Lemma [221 So if we choose 6 small enough, then (11.11) holds and hence the desired result 
follows. □ 



Applying the above corollary with h = k < 5 gives us Theorem 11.31 immediately. Similarly, 
Theorem 11.41 follows by Corollary 11.61 with h = 1; we only need to check that 

(1.3) , log (^^) > 1 -, log + 1) + 1) - 2 log 2 



log(A; + 1) \\og{k + 1)7 log(A; + 1) V ^ - 1 

or, equivalently, that 

(fc + 1) log(A; + 1) > A; log 4 

for k >2, which is indeed true. 

The main tool we shall use in order to prove Theorems II. H and II. 5l is a result that reduces 
the counting in H^''~^^\x,y,2y), which contains information about the local distribution of 
factorizations of integers, to the estimation of a certain sum which contains information about 
the global distribution of factorizations of integers. More precisely, for a = (ai, . . . , a^) G N'' 
define 

£(^'+i)(a) = U [log(f/i/2),logrfi) X ■■■ X [log(4/2),log4), 

di---di\ai---ai 
l<i<k 

and 

L('=+i)(a) = Vol(/:('=+^)(a)), 
where "Vol" denotes the /c- dimensional Lebesgue measure. Also, for 1 < y < z set 

^*{y, z) = {n eN : lJi^{n) = l,p\n =^ y < p < z} 
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and for t = (ti, . . . , tk) with > tk-i > • ■ ■ > ti > 1 =: to set 

^^{t) = {{a,,...,ak)eN'':a,e ^..{U^uU) (1 < z < A;)}. 
Then we have the following estimate. 

Theorem 1.7. Let k > 1, x > 1 and 3 < yi < ■ ■ ■ < yk with 2^yi ■ ■ ■ yk ^ x/yk- Then 



X 



-k 



When k = 1, the above theorem is an immediate consequence of the results and the meth- 
ods in |Fo08a] : see Lemmas 2.1 and 3.2 there. As an immediate consequence of Theorem II. 7[ 
we have the following result. 

Corollary 1.8. Let k > 1 and for i G {1,2} consider Xi > 1 and = {yi i, . . . ,yi^k) ^ 
[1, +00)'^. Assume that 2^yi^i ■ ■ ■ yi^k < x/yi^k for i G {1, 2} and that there exist constants c 
and C such that y^ ■ < y2j < • for all j G {1, . . . ,k}. Then 



y,, 2y,) i7(^+i)(x2, y^, 2y 



2) 



^k,c,C 

Xi X2 

Proof. The result follows by Theorem II. 7[ Lemma 12.1( a) and the standard estimate 
(1.4) ^-^^^,bI {t>l), 

where 

r„(a) = ^ 1 = ^ 1 (m G M, a G N). 

d-i---dm~i\cL d\---dm=o, 



□ 



When /c = 1, a stronger version of the above corollary is known to be true: see Corollary 
1 in |Fo08bj . 

1.3. Outline of the paper. The paper is organized in the following way: In Section |2] we 
demonstrate a heuristic argument in support of Theorem 11.51 and the optimality of condition 
(11. ip . The first three subsections of Section [3] are devoted to establishing Theorem II. 7[ 
whereas in the last one we prove Theorem 11.11 In Section H] we develop some estimates 
related to the probability that a multidimensional Poisson random variable lies close to 
a hyperplane. Such estimates play a crucial role in the proof of Theorem 11.51 Also, in 
combination with the heuristic arguments of Section [2], they explain how the parameter a 
makes its appearance in the statements of our results. In Section [5] we give the proof of the 
upper bound in Theorem 11.51 The main steps of the proof are described in Subsection 15.11 
and proven in Subsection 15.21 The proof of the lower bound in Theorem 11.51 is divided in 
three sections: in Section [6] we describe the main steps of our argument. The first major 
such step is then carried out in Section [71 Finally, Section E] contains the last piece of our 
argument and completes the proof of Theorem 11.51 
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1.4. Notation. We make use of some standard notation. For n G N we use P~^{n) and 
P^{n) to denote tlie largest and smallest prime factor of n, respectively, with the notational 
conventions that -P^(l) = 1 and P~{1) = +oo. Also, uj{n) denotes the number of distinct 
prime factors of n. Constants implied by ^ and x are absolute unless otherwise specified, 
e.g. by a subscript. Also, we use the letters c and C to denote constants, not necessarily the 
same ones in every place, possibly depending on certain parameters that will be specified by 
subscripts and other means. Also, bold letters always denote vectors whose coordinates are 
indexed by the same letter with subscripts, e.g. a = (ai, . . . , a^) and ^ = (^i, . . . , ^j,)- The 
dimension of the vectors will not be explicitly specified if it is clear by the context. Finally, 
we give a table of some basic non-standard notation that we will be using with references to 
page numbers for its definition. 



Symbol Page 
W 

a E] 

at E 

13 m 

^0 El 

u m 

Vi M 

Pm [331 

r„(a) El 

Tk+i{a) El 

Tk+i{a,y,z) El 

Ak+i{Ni, . . . , Nk+i) m 

£('=+i)(a) El 



Acknowledgement. I would like to thank Kevin Ford for many valuable suggestions as 
well as for discussions that led to an earlier version of Lemma 12. 3[ 

2. Heuristic arguments 

In this section we develop a heuristic argument in support of Theorem II. 5[ The argument 
given in Subsection 12.11 is a generalization of heuristics developed by Ford in [FoOSaj for the 
case k = 1 and subsequently by the author in [KlOaj for the case k >2. In Subsection 12.21 
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we introduce some new ideas in order to explain the appearance of condition (11.11) in the 
statement of Theorem 11.51 

Before we delve into the details of this argument, we make some definitions and state 
two elementary but basic results we will be using throughout the entire paper. For a = 
(ai, . . . , Ofc) e and y,z eR^ let 

rfc+i(a) = \{{di, . . . ,dk) en'' : di - ■ ■ d^\ai - ■ ■ ai [1 < i < k)}\ 

and 

Tk+i{a, y, z) = \{{di, . . . ,dk) eN'' : di- ■ ■ di\ai ■■■ai, yi < di < Zi {l<i<k)}\. 
Finally, set 

log(z + l) \\og[i + l)J 
and let Iq be the minimum element of {1, ... , k} such that 

\a - afc-io+i| = min{|a - a^-i+il ■■l<i<k]. 

Lemma 2.1. (a) For a eN'' we have 

{k 
rfc+l(a)(log2)^ fJOogai + . . . + loga, + log 2) 

(b) // (ai ■ ■ • Ofc, hi---hk) = I, then 

Proof. The proof is similar to the proof of Lemma 3.1 in [FoOSaj . □ 
Lemma 2.2. The sequence {ajjjgN is strictly increasing. 
Proof. The function 

1 , / X 
log 



log(x + 1) \log(x + 1) 
is easily seen to be strictly increasing for x > 15. Finally, we check numerically that ai < 
a2 < ■ ■ ■ < ai5. □ 

2.1. Basic set-up and development of the main argument. Our goal is to understand 
when an integer n < x is counted by H^'''^^\x, y, 2y). We write n = ai ■ ■ ■ akb, where 

ai= Yl / {l<^<k). 

p'^\\n 
2s/i-i<P<2s/i 

For simplicity, we assume that the numbers ai,...,ak are square-free and satisfy loga^ x 
logyi for all i G {l,...,k}. Observe that if d = {di,...,dk) G N'^ ^ HiLid/*' then 
all prime factors of di are at most 2yi for all i G {1, . . . ,k}. Hence d satisfies the relation 
di - ■ ■ dk\n if, and only if, di ■ ■ ■ di\ai ■ ■ ■ for all i G {1, . . . , k}. Therefore the integer n is 
counted by H^''^^\x,y,2y) precisely when Tk+i{a,y,2y) > 1. Consider now the set 

Dk+i{a) = {(logc^i, . . . ,log4) : di ■ ■ ■ di\ai ■ ■ - Oj (1 < i < k)}. 
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Assume for the moment that Dk^i{a) is well-distributed in HiLilO) logl*^! ' ' ■'^i)]- Then we 
should have that 

liug yi,iug yi -r lug^j ~ rfc+i(a)— ^ ^ 

i=l 



Tk+i{a,y,2y) 

(2.1) 



^fe+i(a) n JJ(log?/i, log?/i + log2] 



The right hand side of (12.11) is at least 1 when 

k k k 

J2^og{k - I + 2)uj{ai) > 5^ log logy, + Ofc(l) = ^(A; - t + + 0^(1). 

i=l i=l 1=1 

Since we expect that 



X 

\{n < X : uj{ai) = (1 < i < A;)}| 



(7^1-1 . . . f^''"-^ 



logT/fc (ri - 1)! ■ ■ ■ (rfc - 1)! 

(see for example [T95t Theorem 4, p. 205]), summing the above relation over all vectors 
r G (N U {0})'^ that satisfy 

k k 

(2.2) ^raog(A;-z + 2) > ^ ^^(A; - z + 1) + 0^(1) 

i=l i=l 

leads to the estimate 

^°S^^.(^?o})^ (n-l)!...(r,-l)! 
1(2:21 

Using Stirling's formula and Lagrange multipliers, we find that the maximum of HiLi ^['"^/(^r 
1)! under condition (12. 2 p occurs when rj ~ (A; — i + 2)"£j (see Section H] and, in particular. 
Remark 14. II and the proof of Lemma [4.2( a)). In fact. Lemma [4.2( a) implies that 

fTi-l nvk-l k / loo-,, \ -Q{(fc-i+2)") 

.eM)^ ^"^^ " ■ ■ ■ ^""^ ~ yi^gl^ fi Vlogy.-i 

so that (12. 3p becomes 

(2.4) i7('=-^)(x, 2y) ^ " n ( ) 

Vl0gl0g?/fc Vlog / 

If /3 S> 1, then (12. 4 p agrees with the conclusion of Theorem 11.51 However, if /3 = Oy^^ooiX), 
then relation (12. 4p overestimates if (^+^) (x, 2y ) slightly. The problem lies in our assump- 
tion that L'fc+i(a) is well-distributed. Actually, if /3 = Oj,^_>oo(l), then with high probability 
the elements of Dk^i{a) form large clumps. In order to measure the amount of clustering in 
Dk+i{a), we use the function L^''^^\a), which we introduced in Section[Tl We will show that. 
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unless the prime factors of ai, . . . , satisfy certain constraints, the measure of L^^~^^\a) is 
small and, as a consequence, the set Dk+i{a) cannot be well-distributed. 
Fix a vector r eN^ such that 

k k 

(2.5) < ^ Ti log(A; - i + 2) - ^ ii{k - i + 1) < log{k + 1) 

i=l 1=1 

and Tj ~ (A; — i + 2)"£j as ii — )■ oo, for all i G {1, . . . , k}, since most of the contribution to 
the sum in the right hand side of (12. 3p comes from such vectors. Consider n with u){ai) = 
for alH G {1, . . . , k} and write Oj = Pi^i ■ ■ -pi^n with 2yj_i < pi i < ■ ■ ■ < pi^^i < 2?/i- Set 

i-l i-l 

Ui = 2 \og{k + + ^"^(^ - m + 1) - ^ r„ log(A: - m + 2) (1 < z < A;). 

m=l m=l 

Note that 

irn{k — m + 1) — log(fc — m + 2) 
= (A; - m + 1 - (A; - m + 2)" log(A; - m + 2) + o(l))C 
= log(A; - m + 2)((A; - m + 2)"*— +i - (A; - m + 2)" + 0(1))^^. 
So Lemma 12.21 and the definition of imply that 



(2.6) U, 



1 + ^1 + ■ ■ ■ + ii-i if 1 < i < io, 
1 + H h 4 if + 1 < « < A; + 1, 

where in the latter case we used (12. 5p . Assume that there are integers i G {1, . . . , A;} and 
j G {1, . . . , Tj} and a large number C such that 

n^, 1 11 ^ log(A:-2 + 2)j-a.-C 
< log log Pi J - loglog?/i__i < k-i + 1 ■ 

We claim that this causes clustering among the elements of Dk^i{a). Indeed, if we set 
bm = (^m ioT 1 < m < i, bi = Pi^i ■ ■ -pij and b^ = ^ ioi i < m < k, then a double application 
of Lemma 12.11 implies that 

(2.7) 

L^'^'Ha) < n+,{a,/b,,...,a,/bk)L^'+'\b) 

< ({k-t + 2y^-^ II {k-m + 2yA m log(26i---Uj 

\ m=j+l / \m=l / 

«, (fc _ , + 2)-^- I J](A; - m + 2)'-- ] m logy„ ] (logy,_i + log(p,,i ■ ■ ■ p^,,))''-'+' 



\m=i / \m=l 

' i-1 



< [l[{k-m + 2r-] JJlogy^ (logl/,_l)^-+V^'-^x,e-^JI(A;-^ + 2)^^ 



\^m=l / i=l 



The right hand side of (12. 7p is much less than r^+i^a) = Y[m=i(k — m + 2)''™ if C — > oo, 
in which case there must be many elements of Dk+i{a) that are close together. The above 
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argument suggests that we should focus on numbers n for which 

(2.8) loglogp,, - loglogy._i > log(fc-^ + 2)j-^^.-0(l) (1 < , < < ^ < 

The number of integers n that satisfy conditions similar to (12. 8 p was studied by Ford in 
[Fo07] . Using similar considerations, we find that the probability that an integer n satisfies 
(ES]) is about 

nmm|l,--|x,mm|l, 1, 

by (12. 6p . Thus we are led to the refined estimate 



(29) ^+^)(x,y,2y) "^^^^ 



V^loglog VkW 



Finally, we claim that 
(2.10) ■nin|l.'^+^- + 



To see this, fix a small parameter 5 = 6{k) and observe that if 



Eii < 5ii, = 6 max 



11 

l<i<k 



then 

{k-ti + 2)" log(fc + 2)4 = (1 + Ok{6)){k - + 1)4, 

by the definition of a. This implies that \a — 6. So if 5 = 6{k) is small enough, 

then ii = iq and (I2.10p follows immediately. Consider now the case when '^^^^^C-i > 
We may also assume that ii ^ io; else, (I2.10p holds trivially. Under these assumptions we 
have that 



/3>mm{ 1, } > ^ 

and 

. . . (l+^i + --- + 4-i)(l + 4+i + --- + tfc; I . )^ 

mm < 1, > > mm < 1, — 



which together prove (12.100 in this last case too. By (I2.10p . we see that (12. 9p agrees with 
the conclusion of Theorem II. 5[ 
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2.2. Further analysis and optimality of condition (11. ip . Even though the argument 
given in Subsection I2.1| gives us Theorem 11.51 heuristically. it does not explain the presence 
of condition (11.11) in the statement of the theorem. This deficiency stems from the fact that 
the only piece of information we used about £*^^"'"^^(a) is Lemma [XT] In order to understand 
condition (11.11) . we need to pay closer attention to the structure of C^'''^^\a). It turns out 
that when k is large, the rich multiplicative structure and the high dimension of the set 
lead to many more bounds on its volume L*^'^+^^(a) than just those included in the 
statement of Lemma 12.11 

Lemma 2.3. Consider integers = zq < Zi < ■ ■ ■ < Zk < Zk+i = k with Zi > i — 1 for all 
i G {1, . . . , fc}. Let a = (ai, . . . , a^) G N'^ such that yU^(ai ■ ■ ■ at) = 1- Then we have that 

dj\aj \j=l / 

{k k 
Yl \og'^+'-'^ (2ai ■ ■ ■ a^), log'^ 2 
j=0 j=l 

with the convention that O" = 1. 

Proof. Given a A;-tuple {di, . . . , dk) G with di ■ ■ ■ di\ai ■ ■ ■ ai for 1 < i < k, we may uniquely 
write di = di^idi^2 ■ ■ ■ di^i, I < i < k, with djjdj+ij ■ ■ ■ dkj\aj for 1 < j < k. Thus 

k 

C'^''+'\a) = [j J][log(d,,irf,,2---c^v/2),log(rf.,it/,,2---t^M))- 

di,i'ij+ij---dkj\aj i=l 

For i G {1, . . . ,k} define rrii as the unique element of {0, 1, . . . , A;} such that z^^ < i < Zm^+i- 
Note that i > Zm^ > — 1 and thus < i. Set 

^= {(hj) ■ I < j < k,j <i < Zj} = {{i,j) : 1 < i < k,mi < j < i}. 

Given numbers dtj, {i,j) G X, with djj ■ ■ -dz^jlaj, 1 < j < k, we define the set 

k 

^{d^,J : {^,J)eI}) = [j l[[\og{d,,i---d,,/2),\og{d,,,---d,,)) 

d^,j,{i,j)iX i=l 
l<j<i<k 

dzi+i,i---dk,j\ ^ ^ Vj 

k 

= U Yi[^og{di^i- ■ ■di^mJ'2),\og{di^i- ■ -di^m,)) 

d^ +i,j-dk.j\j^-^ 

+ {log{di^rni+l ■ ■ ■ log(ci2 ,m,2+l ,mfe+l ■ ■ ■ dk^k)) ■ 
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The above identity implies that 

f k k 

Vol : (z, j) G X})) < mill <j JJloglSai ■ ■ ■ a^J, (log2)'= J](A; - + 1) 

Since 



j=i j=i 



we find that 



L('=+i)(a) < Yl ] ni°s(2ai ■ ■ ■ a„J, (log 2)'= - + 1) 

dij, {i,j)el V j=l i=l 

= E f ri(-. - ^ + ir^^'^ 

Dj\aj \i=l 

{k k 
l[\og{2a, ■ ■ ■ a^J, (log 2)^ Jlik - + 
i=l j=l 

To complete the proof of the lemma note that 

k k 

II log(2ai ■ ■ ■ a^J = J] log^^+i-^^ (2ai • • • a,). 

j=l i=o 



uj{ai/Di) 



□ 



Using the above lemma, we show that condition f 1 1.1 1) is optimal, that is to say, for every 
fixed 7 such that 

1 1 1 /(fc + l)log(fc + l)-21og2 



log2 ''log2 ' log(A; + l) V ^-1 

there are choices of yi, . . . ,yk such that a = a{k; y) = ■y and 

vIoglogZ/fc f=i V log Vi-iJ J 

The argument we give is heuristic but, if combined with the results of Sections H] and El it 
can be made rigorous. 

The right inequality in (12. lip is equivalent to 

(2.13) (;c+l)log(t + l)-21og2 

Also, inequalities (II. 3p and (12. lip imply that 

A; - (A; + 1)^ log(fc + 1) > and 2^1og2-l>0. 



14 DIMITRIS KOUKOULOPOULOS 

So if we set select yi = 1/2 = ■ ■ ■ = Vk^i large enough, then there is a unique i/k > yk~i such 
that 

^ k-l 

^ i=i 

that is to say, there is a unique yk so that the fc-tuple y = . . . satisfies the relation 
2/) = 7. We claim that fl2.12p holds and we support this claim with a heuristic argument: 
Similarly to Subsection 12. ![ we consider a = (ai,...,afc) such that Oj G <^*(2?/j_i, 2yj). 
Note that we necessarily have that 02 = ■ ■ ■ cik-i = 1- Set = u{ai) for all z G {1, . . . , A;} 
and assume further that loga^ x log^/j for i G {1, A;}, that 

(2.14) ~ (fc - i + 2)°£i = (fc - i + 2)T£i {i G {1, fc}, ^ 00) 
and that (12.51) holds. We will show that 

(2.15) L^'^'\a) = o (j[\ogy}j (2/1^00). 
Indeed, Lemma [2. 3^ applied with Zi = ■ ■ ■ = = k — 1, implies that 

L(^+i)(a)«, Yl (n(^-Jr^'^^^)min|logy,,n2-(«^/^^) 

dk\a.k \i=l / L j=l 

l<j<fc 



J2{k- 1)^^'^'^ min {log Vk, 2'"^^^'''/'^'^} 



di\ai 

(note that all summands with dk > 1 vanish and rfj = aj = 1 for i G {2, . . . ,k — 1}). The 
main contribution to the sum 

k k 

J2{k- i)-('ii)2^^+'^(»i/^i) = {k + iy'2''>^ = Ylik -j + 2Y^ Xfc Y[\ogyi 

di\ai j=l 1=1 

comes from integers di such that 

k — 1 

(2.16) w(di)~-^^-ri (2/1^00). 

If (ii satisfies f l2.16p . then relations (12. 5p . f l2.13p and f l2.14p and the fact that = and 
ii = 0(1) for i G {2, . . . , - 1} imply that 

{r-k + u{ai/di)) log 2 - loglog?/fc = ^^"^^ ri + (log2)rfc - £1 - 4 + Ofc(4) 

(A: + l)log(fc + l)-21og2 
= (fc - 1)4 ^-p^ ri + Ofc(4) ^ +00 

as ?/i — )■ 00. Consequently, for integers di that satisfy fl2.16p we have that 

min {logi/fc,2'''=+'^('^^/'^^)} = \ogyk = o (2'^^+"("i/^i)) {y^ 00), 
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which in turn imphes that relation f l2.15p is indeed true. This yields that, in contrast to the 
prediction of the arguments in Subsection 12. 1^ Dk+i{a) is not well-distributed for such a. 
Hence, in general, relation (12. 9 p overestimates the size of H^''^^\x,y,2y). 

Remark 2.1. The information about L^^'^^^a) that is contained in Lemma 12.31 makes its 
appearance implicitly in the statement of Lemma 16.21 An approach that could potentially 
extend Theorem 11.51 to the case when condition fll.ip fails is to insert Lemma 12.31 into the 
proof of the upper bound in Theorem 11.51 (Section Ej) and then adjust the lower bound 
argument accordingly (Sections El Eland [S]). 



3. LOCAL-TO-GLOBAL ESTIMATES 

In this section we reduce the counting in H^^^^\x^ y, 2y) to the estimation of 

ai ■ ■ ■ Ofc 

and prove Theorem 11.71 This reduction has also been carried in the author's thesis |K10b] . 
but we give it here for completeness. The basic ideas behind it can be found in |Fo08a] and 
|K10a] . However, the details are more complicated, especially in the proof of the upper 
bound implicit in Theorem II. 7[ because of the presence of more parameters. Finally, we 
employ Theorem 11.71 to deduce Theorem 11.11 in Subsection 13.41 

Remark 3.1. In order to show Theorem 11.71 for some A; > 1, we may assume without loss of 
generality that y\ > C^, where Cj, Cg, . . . , C^, . . . is an increasing sequence of large constants. 
Indeed, suppose for the moment that Theorem 11.71 holds for all > 1 when y\ > C'^ and 
consider the case when yi < C^. Then either y^ < C'l^, in which case Theorem 11.71 follows 
immediately, or there exists I E {I, . . . , k — 1} such that yi < Cj^ < yi+i- In the latter case 
let y' = {yi+i, ...,yk)andd= [2yi\ ■ ■ ■ [2yi\ < 2^yi ■■■yi< (2C^)'= and note that 

^^,y'^2y') < H^'+'\x,y,2y) < H^'-'+'\x,y' ,2y'), 

Moreover, 



^/d- ^ ^ ^ c^k-i 
> — > 2 r 

yi+i ■■■yk 2^yi ■■■yk 



So the desired bound on H^^^^^ (x, y, 2y) follows by Theorem II . 71 applied to H^^ '^^^ (x, y\ 2y') 
and H'-''~'-'^^\x/d,y',2y'), which holds since yi+i > C'j^> C^_,. 



3.1. Auxiliary results. Before we launch into the proof of Theorem 11.71 we list a few 
results from number theory and analysis that we shall need. First, we state a standard sieve 
estimate for easy reference (see for example [HTl Theorem 06]). 

Lemma 3.1. For 4 < 2z < x we have 

X 

\{n < X : (n) > z}\ 



log z 

Next, we have the following result, which follows by Lemma 2.3(b) in |K10a] . 



16 



DIMITRIS KOUKOULOPOULOS 



Lemma 3.2. Let / : N — t- [0, +oo) be an arithmetic function satisfying f{ap) < Cff{a) for 
all integers a and all primes p with {a,p) = 1, where Cf is a positive constant depending 
only on f . Let h > and 3/2 < y < x < for some C > 0. Then 

a>z 

Finally, we need a covering lemma which is a slightly different version of Lemma 3.15 in 
[F] . If r is a positive real number and / is a /c-dimensional rectangle, then rl will denote the 
rectangle which has the same center with / and r times its diameter. More formally, if Xq 
is the center of /, then rl := {r{x — Xq) + Xq : x E I}. The lemma is then formulated as 
follows: 

Lemma 3.3. Let Ii, Ij^ be k-dimensional cubes of the form [ai,bi)x- ■ -xlakjbk) {bi—ai = 
■ ■ ■ = bk ~ o-k > ^) ■ Then there exists a sub- collection Jj^, . . . , Jj^,^ of mutually disjoint cubes 
such that 

N M 
n=l m=l 

3.2. The lower bound in Theorem II. 7i We start with the proof of the lower bound 
implicit in Theorem II. 7^ which is simpler. First, we prove a weaker result; then we use 
Lemma [3.2l to complete the proof. Note that the lemma below is similar to Lemma 2.1 in 
|Fo08a] . Lemma 4.1 in |Fo08b] and Lemma 3.2 in |K10a] . 

Lemma 3.4. Let k > 1, x > 1 and 3 = y^ < yi < y2 < ■ ■ ■ < yk with 2^yi ■ ■ -yk ^ x/y^ and 
yi > C'^,. Then 

^3 ^) H^'+'\x,y,2y) ^ ( logy, ^ ^ L^^+i) 



^ 



Proof. Set 



^ = — - ^ y^- 



X 

2''yi ■■■Vk 

Consider integers n = ai - ■ ■ atPi ■ ■ ■ Pkb < x such that 

(1) a e ^^{2y) and < yj^^^^'^ for z = 1, . . . , fc; 

(2) pi,...,pk are prime numbers with (log(?/i/pi), . . . , \og{yk/pk)) e C^''^'^\a); 

(3) If x' < yl, then let 6 be a prime number > yl^^; if x' > yl, then let b be an integer 
with p-{b) > 2yk. 

Note that for every i G {1, . . . , fc} all prime factors of a, lie in (2?/j„i, y^^^^^^^^]. Also, condi- 
tion (2) in the definition of n is equivalent to the existence of integers di, . . . ,dk such that 
di - ■ ■ di\ai ■ ■ ■ tti and yi/pi < di < 2yi/pi for alH G {1, . . . , k}. In particular, rfc+i(n, y, 2y) > 
1. Furthermore, we have that 

1/J/^<^^<^<P.<2^<2,,. 
di ' ' ' di di di 
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So (ai ■ ■ ■ ak,pi ■ ■ -pkb) = 1 and hence this representation of n, if it exists, it is unique up to 
a possible permutation of pi, . . . ,Pk and the prime factors of b that he in {y^ , 2yk]. Since 
b has at most one such prime factor, n has a bounded number of such representations. Fix 
ai, . . . , Ofc and pi, . . . ,pk and note that 

(3.2) X := ^ > ^ > ix'y/' > 2yl'\ 

We start by counting the number of possibihties for b. We consider two cases. First, if 
x' > yl, then X > Ayk, by (13.21) . provided that is large enough. So Lemma [XT] imphes 
that 

log Vk 

6 admissible b<X,P- {b)>2yk 

by Lemma [3.1[ On the other hand, if x' < yl, then 

ai- ■ ■ akPi- ■ -pk ai - ■ -cikyi - ■ - Vk 
The above inequality and (13. 2p imply that 

Ev — ^ V — ^ X X 

1= E i> E ^»^»^ 



b admissible 



In any case, we have that 



log X log Vfc 

b prime ^ P"™'^ 

X 



E 



log Vfc 

b admissible 



and, consequently, 

(3.3) H('^'\x,y,2y)»k^ E E 

Fix a G 0^^{2y) with < y^^^'^'^ for i = 1, . . . , fc. Let {Jr}^=i be the collection of cubes 
[log((ii/2), logrfi) X ■■■ X [log((ifc/2), logfifc) with di ■ ■ ■ di\ai ■ ■ ■ a^, 1 < i < k. Then for 
/ = [log((ii/2), logfii) X ■ ■ ■ X [log((ifc/2), logc/fc) in this collection we have that 



1 



(log iU-,...,log-^)e/ *-l Vi di<pi<2yi di 

because di < ai - ■ ■ < y^^ for 1 < i < k. By Lemma 13.31 there exists a sub-collection 
{-^rs}f=i of mutually disjoint cubes so that 

^(3 log 2)^' > Vol (^U^/.^j > Vol (^U^-j = L^'^^^Ha). 
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Hence 



1 A 1 S 



log ?/i ■ ■ ■ log yk 

Combining the above estimate with fl3.3p completes the proof of the lemma. □ 

Having proven the above lemma, it is not so hard to finish the proof of the lower bound 
of Theorem ll.7[ We give the argument below. 

Proof of Theorem \l.l\ (lower hound). For every fixed i G {1, . . . , A;} and integers Oi, . . . , aj_i 
and aj+i,...,afc, the function Oj — )■ L^^^^\a) satisfies the hypothesis of Lemma l3.2l with 
Cf = k — i + 2<k + l,hY Lemma 12.1( b). So if we set 

V = [aen^:a,e^^ {2y,^i,y]"'') {l<i< A;)} 

for some sufficiently large M = M{k), then 

y — ^> y — ^ = y — ^ i + Ofc e-w 

trf ^ ai---ak ^ ai ■ ■ ■ Ofc ^ cti ■ ■ ■ ctfc V V / 

1 >^ L('=+i)(a) 

9 ^ 



> 



2 ^ fli ■ ■ ■ flfc 



By the above inequality and Lemma [2. 1( b). we deduce that 



or b.G^^J/i^'^.yi) ai<yy^''^ (l<i<fc) 

Combining the above estimate with Lemma [3.41 completes the proof of the lower bound in 
Theorem 11.71 □ 

3.3. The upper bound in Theorem 11.71 In this subsection we complete the proof of 
Theorem 11.71 Before we proceed to the proof, we need to define some auxiliary notation. 
For y, z ^'MJ' and a; > 1 set 

Hi''^^\x, y,z) = \{n<x: ^^{n) = 1, 3di ■ ■ ■ dk\n such that yi < di < Zi {1 < i < k)}\. 

Also, for t G [1, +oo)^, h G [0, +oo)^ and e > define 

J^^{t-e) = e N'' : ai e |^max |p+(ai ■ ■ ■ a^,i), ^ ^^"^ (1 < « < A;)| , 
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where to = 1, and 
Lastly, let 

Bk = (efc,i, . . . , ek,k) = 2) G R\ 

k—l times 

Then we have the following estimate. 

Lemma 3.5. Let ^/Cl < yi < ■ ■ ■ < yt < x with 2^+^yi ■■■yk< x/(2yfc)^/^ Then 

Hi'+'\x, y, 2y) - Hi'+'\x/2, y, 2y) «, xS^''^'\2y- e,, 7/8). 

Proof. Let n G (x/2,x] be a square-free integer for which there exist integers di G (?/j,2|/j], 
1 <i < k, with di - ■ ■ dk\n. If we set d^+i = n/{di - ■ ■ dk) and yk+i = x/ {2'^^^yi ■ ■ ■ y^), then 
we have that n = di - ■ ■ d^^i with y-i < di < 2^^^yi for \ < i < k + 1. Let 2:1, ... , 2:^+1 be the 
sequence yi, . . . , yu+i ordered increasingly. Also, let a be the unique permutation in Sk+i for 
which P"'"((io.(i)) < ■ ■ ■ < -P^(c?(j(fc+i)) and set Pj = P^{d„(^j-^) for 1 < j < A; + 1 and Pq = \. 
We can write n = ai - ■ ■ akPi ■ ■ -pkb with P~(h) > pk and G for all 1 < i < A;. 

We claim that 

(3.4) p, > Q, := max (p+(ai ■ ■ ■ a^), '^^^'^ ^ 1 (1 < i < A;). 

ai . . . tti J 

Indeed, for every j G {1, . . . , /c} we have that yo-(j) < rfo-Q) = Pjd for some (i|ai . . .aj and 
therefore yo-(j) < PjCH ■ ■ - CLj- Consequently, 

y<^{j) ^ maxKjXi (2?/i)^/^ /1 / • / m 

Pi = max p,- > max > — > > ^ — [l <t < k), 

i<i<i i<i<« ai - ■ ■ aj ai ■ ■ ■ ai ■ ■ ■ ai ■ ■ ■ 

by the definition of 2:1, ... , Zk+i and our assumption that yi < ■ ■ ■ < yk \y^k+i- Moreover, 

Pi = max pj > max P^{aj) = P^{ai ■ ■ ■ a,). 

So (13.41) follows. In addition, 

P+(ai) < Pi = P^id^^i)) < max P+(rf,) < 2?/^ (l < t < k), 

i<i<« 

by the choice of a, and 

p-(ai) > > Qi_i (2 < 2 < fc), 
by (13. 4p . In particular, a = (ai, . . . , a/c) G <^^(27/; 7/8). Furthermore, note that 

{da{i)/pi) ■ ■ ■ {d^{i)/Pi)\ai- ■ -Qi and < < ^ (1 < i < A;), 

Pi Pi Pi 

that is to say, there are numbers wi, . . . ,Wk G {1, 2, 2^, ... , 2^^} such that 

(3.5) flog log ^^^'l G£(^+^)(a). 

\ Pi Pk J 
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Lastly, observe that Pk+i\b and consequently b > pk+i > pk > Qk, by (13 ■4p . Similarly, we 
have P~{b) > Pk > Qk- Combining all of the above, we deduce that 

Hl''+'\x,y,2y) ~ Hi''*"{x/2,y,2y) 

SEE EE El 

[o.b) i<i<k iiM|i,ili5ji p-{h)>Qt, 



E E EE 



X 



by Lemma [3Jl We fix a, Wi, . . . , and Oi, . . . , as above and estimate the sum over the 
primes pi, . . . in the right hand side of (13.61) . In order to analyze condition (13. 5p . consider 
the collection of cubes of the form [log(mi/2), log mi) x • ■ ■ x [log(mfc/2), logm^) with 

mi ■ ■ ■ mj|ai . . . Oj for 1 <i < k. By Lemma there is a sub-collection {/rs}f=i of mutually 
disjoint such cubes for which £*^'^+^^(a) C IJs=i3-^rs- Consider /^^ = [log(mi/2), logmi) x 
• • • X [log(mfc/2), logmfc) in this sub-collection and set 

2m. V - - ; 



Then we find that 
(3.7) 

log ^, . . . , log ^ G 3/^ 



Pi Pk 

if, and only if, Ui < Pi < 8Ui for alH = 1, . . . , fc. So 

fe , k 



log log(2mi) j X ■ ■ ■ X log log(2mfc)) 



■ ■ - G ^.<S8c.. iog(--{^^' Q.}) - n log • 

Therefore we deduce that 

piT:;"?, Pi ■ ■ -Pfc ■fr^ pi^p, ■ ■ ■ Pfc log Qi ■ ■ ■ log Qk (log 2)Mog Qi ■ • • log Qk 
1(331, (jklji (13311,113 

Inserting the above estimate into (13. 6p completes the proof of the lemma. □ 

Next, we bound the sum S^'^'^^^t; h, e) from above in terms of S^'^^^^t). This is ac- 
complished by establishing an iterative inequality that simplifies the complicated range of 
summation /!^^{t; e) by gradually reducing it to the much simpler set ^^{t) and, at the same 
time, eliminates the complicated logarithms that appear in the summands of S^''~^^\t; h, e). 
Lemma 13.21 plays a crucial role in the proof of this inequality 
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Lemma 3.6. Fix A; > 1, e > and h = {hi, ... , hk) G [0, +00)'^. For t = (ti, . . . ,tk) with 
3 < ti < ■ ■ ■ < tk we have that 



Proof. Set 6 = e/{2k) and to = 1- For / G {1, . . . , k] define 

hi if i e {!,...,/- 1}U {A;}, 



hi + k-i + l a I < i < k - 1, 



hi,i ■■ 
and 

^K*) = {« e N'^ : a, G (max |p+(ai ■ ■ • a,_i), t^/'+'Vl^i • " " ^.-i)} , t.) (1 < ^ < /) , 

a, G ^,(ti_i,ti) (/ + 1 < i < A;)}. 

Also, let ho^i = hi^i for i G and ^o(*) = ^i{t). Lastly, for / G {0, . . . , /c} set 

= {hi^i, hi^k) and 

k / ,€/2+lS 

X J] log-'^M p+(a^...a,) + ^ 



i=«+i 
Note that 

(3.8) S;^^'\t-hk) = S^'+'\t-h,e 

and 



ai ■ ■ ■ a/ 



(3.9) 



Si;'-''\t;ho) ^k,,H (^n(logt.)-'^'''J 5(^+i)(t) 

n(iogt.)-('-+'='^+^) (iogtfc)-'^'=^(^+i)(*)- 



,i=l 



We claim that 

(3.10) S[''-'\t- hi) ^k,h,e {\og2ti.if-'^^StX'\t: hi-i) (1 < / < k). 

Clearly, if we prove fl3.10p . then the lemma follows immediately by iterating fl3.10p and 
combining the resulting inequality with relations (13.81) and (13. 9p . So we fix Z G {1, . . . , A;} 
and proceed to the proof of (I3.10p . Consider integers ai, . . . , a;_i such that 



e/2+W 

i-1 



ttiE max <^ P+(ai ■ ■ • a^.i), — — ) ,ti\ (1 < z < / - 1) 

y y ai ■ ■ ■ ai_i J y 

and a^+i, . . . , such that 

Ci G ^*(ti_i,ti) (/ + l<i<A;) 
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and set 



t/2+lS 
l-l 



t[_^ = max < P^{ai ■ ■ ■ a;_i), 

ai ■ ■ ■ ai-i 

Observe that in order to show (13.1 Oft it suffices to prove that 

di \ ai---ai 

(3.11) 

T{k+l)(n\ ^ f ,£/2+(i-l)5 

E - — — n ■ ■ ■ + — 

Indeed, if f l3.1ip holds, then Lemma 12.1( b) and the relation 
imply that 

thus completing the proof of fl3.10p . To prove (13.111) we decompose T into the sums 
T™:= V ^niog"'''M^^(«i---«') + ^^ (/<m<fc + l), 

ai&.9>.{t[_^,ti) ' i=l \ ^ V 

where = (0,tf], = (4_i,4] if m e {/ + 1, . . . , A;} and 4+i = (t^+oo). First, 
estimate T;. If ai E Ii, then 

,e/2+l5 ,€/2+{l-l)S 

P+{ai ■■■ai) + ^ > P+(ai ■ ■ -az-i) + ^ (/ < ^ < A:) 

ai---a, ai---a;_i 

and thus we immediately deduce that 

(3.12) T,< E — ^ ni°g"''M^^(«i-- 

Next, we fix m G {/ + 1, . . . , A; + 1} and bound T^. For every a; G we have that 

e/2+i5 ( P^{ai) if / < z < m, 

P+(ai ■■■ai) + ^ > <^ ^./2+a-i)5 

ai---ai \ p+(ai- ■ -ai-i) + iim<i<k. 

\ ai ■ ■ ■ a;_i 
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Moreover, the function a/ — > L'^'^+^)(a) satisfies the hypothesis of Lemma 13.21 with Cj 
k — I + 2, hj Lemma [2m (b). Hence 

/ / e/2+(Z-l)5\\ rik+i)(n] 



,e/2+(«-l)(5 \ \ /m-1 



a; 

Combining the above estimate with f l3.12p shows (13. lip . This completes the proof of (13.1 OP 
and hence of the lemma. □ 

Before we prove the upper bound in Theorem 1 1.7[ we need one last intermediate result. 

Lemma 3.7. Let 1 < I < k — 1 and 3 < ti < ■ ■ ■ < t^. Then 

...,h)< (log2)-'5('=+i)(ti, ... ,4) 

and 

logtfc. 

Proof. Note that 



3 U [log(rfi/2),logdi) X ■ ■ ■ X [log(4/2),log4) 

di---di\ai---ai (l<i<fc) 
di=l {l<i<l) 

= [-log 2,0)' X C^''-'+'\ai---ai+i,ai+2,...,ak) 



and, consequently, 

L^'^'Ha) > (log2)'L('^-'+i)(ai---a,+i,a,+2,...,a,). 

Summing over a G ^^(t) then proves the first part of the lemma. 
For the second part, note that 



5('=+i)(a) > (log2)'= V ^^x.logt, 

^ (1,1 ■ ■ ■ n.i. 



Oi ■ ■ ■ Ofc 



□ 



We are now in position to show the upper bound in Theorem 11.71 In fact, we shall prove 
a slightly stronger estimate, which will be useful in the proof of Theorem 11.51 
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Theorem 3.8. Fix k >1. Let x >1 and C'j^ < yi < ■ ■ ■ < yu with 2^yi ■ ■ - yu < x/yu- There 
exists a constant such that 



^ V t / , 0-1 ■ ■ ■ a/s 



,j=i 



Proof. Observe that it suffices to show that 

(3.13) H^'^'\x,y,2y) «fe a; || J] log"^''- j T, 

where 

T := max{5('=+i)(t) : 1 < ti < ■ ■ ■ < tfc, < < (1 < « < A;)}. 
Indeed, assume for the moment that (13.131) holds. Note that 

by Lemma Em^b) and inequahty (11. 4p . Also, for every i G {1, . . . , A;}, we have that 

V ^^^^^«.e--/^S('=+^)(y), 

by Lemma [3^2] applied to the arithmetic function Oj — )■ L^''^^\a). Hence, if is large enough, 
we find that 

T«,S^''^'\y)<2 ^^^^^ 

ai<?/,''* (l<«<fc) 

which, together with (I3.13p . completes the proof of the theorem. 

In order to prove (I3.13p . we first reduce the counting in H^''^^\x,y,2y) to square-free 
integers. Let n < x be an integer counted by H^'^'^^^x, y, 2y) and write n = ah with a being 
square-full, h square-free and (a, h) = 1. The number of < x with a > {logykY'^ is at most 



E - 



X 

X y - < 



a>(log?/fc)^'= 
a square— full 

Assume now that 

a G := {a G N n ((log?/„_l)2^ ilogymf''] : a square - full} 

for some m G {l,...,/c}, where for the convenience of notation we have set y^ = 1. Then we 
may uniquely write di = fiCi, m < i < k, with fm' ' ' fk\0' and ■ ■ ■ e^lfe. Therefore 

k 



(3.14) 



H^>^^'\x,y,2y)<J2Y: E i^r™^^^ f", • • • , f ) , 2 . . . , f ) ) 
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Fix m G {1, . . . , k}, a E Im and fm, ■ ■ ■ , fk with fm - ■ ■ Let Zm, . . . , 2^ be the sequence 
Vrnlfm, ■ ■ ■ .Vk/ fk in increasing order and set z' = {z^, ■■■,Zk). Since ym< ■ ■ ■ <yk and 

Ui ^ Ui ^ Vi ^ ; — / ^ ■ ^ 1 \ 

-j> — > J, > {m<i<k), 

we have that 

(3.15) y/yi<Zi<yi {m<i<k). 

Next, observe that 

(3.16) 

2'-<(logi/fe)'= 

+ 



a(log i/fc)*^' 
For r with 2'' < (logy^)'^ we have that 



3^/(2" ^O) . 3: 1 . ^7/8 



2k-rn+^z^ ■■■Zk- 2^yi ■ ■ • 2'-a " (log yk] 



Thus Lemma 13.51 (apphed with k — m + 1 in place of k, x/iT" ^a) in place of x and z^, . . . , ^a: 
in place of . . . , y^), Lemmas 13.61 and 13.71 and relation ( I3.15p yield 

(3.17) 

(^,z',2z') (^,^',2z') «. ^ (n(logz.)--'A 5(^-+^)(2z') 



Since T 3>fc log yu by Lemma 13.71 inequalities (13.161) and fl3.17p yield 

i/.-"-. (|. 2.') «. I (n 'OS- y.) T + ^ «. ^ ( n log--' y. ) T. 

So 



^ I n l\ rfe„m+2(a) xT 



tr^j-^i " Va' ' y n"' (log %)'''='' ^ « Tf^ i(logy.'i^*'' 

Inserting the above estimate into (13.141) and using the inequality T ^ogyk completes the 
proof of the theorem. □ 
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3.4. Proof of Theorem II. IL In this subsection we prove Theorem ll.il Let 3 = Nq < Ni < 
■ ■ ■ < ^fc+i- Using an inductive argument, similar to the one given in Remark 13. Ij we may 
assume without loss of generality that Ni > 4(C^)^. Set N = {Ni, . . . , A^^) and note that 

*"!(iv......iv.«)>/f-'^'''-'''« ^ ^- - ^ 



2fc2 ' 2^ ' 2^^^ 



by Corollary 11.81 Also, we have that 
(3.19) 

A.«(iv....,iv.«)< E 



2m.iH hnifc ' I 2™i+l ' ' ' ' ' 2™fc+l I ' \ 2"^l 



l<j<A; 



For i e {0,1,. . .,k} let A^i be the set of vectors m G (N U {0})'= such that 2™j < y/Wj for 
i<j<kand ^/Wi < T^- < Ni and set 



meMi 



1. fNi---Nk+i ( iVi 



We have that 
(3.20) 



2'^!^ hmj; ' \ 2™-! + ! ' ' ' ' ' 2"*fc + l I ' \ 2''"l 



ylfc+i(Ari,...,Arfc+i) < 



2''"fe 



by f !3.19p . We fix i G {0, 1, . . . , /c} and proceed to the estimation of Tj. Consider m G Aii and 
let AT' = (A^j'+i, . . . , A^() be the vector whose coordinates are the sequence {Nj/2"^^^^}^^i_^_-^ 
in increasing order. We have that ^/N^ < 2A'j < Nj for all i + 1 < j < k. Thus 



(3.21) 



AT, 



2™iH — ' I 2"^i+i ' • • • ? 2mj.+i y ' I 2™-! ' ' ' ' ' 2"^fc 



2miA hrrik 



2mi- 



by Theorem 11.71 with the notational convention that S'^^^(0) = 1. Furthermore, we have that 



by Lemma 13.71 CorolUary 11.61 and Theorem 11.71 Combining fl3.2ip and (I3.22p we deduce that 



2miH hrrtft 



f^(fc+i)(iV,...iVfc+i,Ar/2,Ar) 



-,N',2N' ] «, — ^^'L,:.:.;i7'^^'^^^ (iogA^.r^- 

Summing the above inequality over m G A^j gives us that 



2miH hmfe 

5 that 
N \ {\og Ni)''+^ 
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which together with f lS.lSp and f l3.20p completes the proof of Theorem 11.11 



27 



4. Linear constraints on a Poisson distribution 

A fc-dimensional Poisson distribution with parameters zi, . . . , Zk is a probabihty distribu- 
tion on the lattice (N U {0})'^ that assigns to each lattice point (ri, . . . ,rk) the probability 

HiLi e~^'2;[V^j'- Oi^r goal in this section is to estimate the probability that lattice points 
obeying such a distribution lie close to a hyperplane and other related quantities. Through- 
out this entire section we fix positive real numbers Ai, . . . , and we set A = maxi<j<fc Aj. 
Given R>A, let 

J^\R) = I (ri, . . . , rfc) G (N U {O})'^ ■R-^<J2 ^ ^ 

j^_\R) = I (n, ...,n)e{Nu {0})' ^^^^ < R 



i=l 



and 



.J^^{R) = I (ri, . . . , rfc) G (N U {0})'^ : ^ A,r, > R 
I i=i 
Also, define the number a{R) = a{R; k, z, A) implicitly via the equation 

^A,e"(^)^^z, = i? 



i=l 

and set 



J^\R,S) = e J^\R) : |r, -e"(^)^'Zi| < ^ max |A;, 5 Ve°(^)^'Z,} (1<2<A;)|. 

Remark 4.1. The motivation for the definition of a{R) may be briefly summarized as follows: 
By Stirling's formula, we have that 



k k ^ 

Z- -i-r 1 / Zit 



i=\ * 1=1 V I \ I 

Using Lagrange multipliers, we see that when r ranges over M'^[K)^ the maximum of the 
right hand side in fl4.1l) occurs when rj = e°'^^'^^^Zi + Ok,\{^) for all i G {1, . . . , k}. 

Lemma 4.1. Let A; G N, < 5 < 1, zi, . . . , Zk > I and Ai, . . . , A^ > 0. There is a constant 
c = c{k, A) such that: 

(1) // i? > max{A, H \-Zk)}, then 

-c\a{R)\ k 

Prob(^^(i?,5)) »,^;,^, J]exp{-Q(e"(^)^0^.}- 

y R 1 

* 1=1 
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(2) IfR>A, then 

c|a(_R)| ^ 

Proh{J^\R)) ^^TTexp{-g(e"(^)^0■^.}• 
Proof. By Stirling's formula, we have that 

(4.2) fi«-4-'in 

where 

k 

(4.3) F(r) = -{z, + ... + Zk) + 5^(r, + 1) log 

Set r* = e^^°'^^'^Zi — 1 for z G {1, . . . , fc}. Without loss of generality, assume that r^, + 1 = 
maxi<j<fc(r* + 1), so that 

(4.4) rl + 1 X,,;, R. 

In order to prove part (a) of the lemma, we shall employ quadratic approximation to F{r) 
around the point r* . However, for part (b) we need to be more careful: we shall reparametrize 
the set J^^{R) first and then use the saddle point method. We give the details of the proof 
below. 

(a) Since R>5{zi^ V Zk), then fjOI) yields 

e^^°(^)zfc >fc,A R > 5zk 

and thus a{R) > — C for some constant C = C{k, A, 5). In turn, this implies that r*+l ^k,\,5 
Zi > 1 for alH G {1, . . . , k}. By Taylor's theorem, for every r G ,^^{R, 5) there is a vector 
^ G M'^ that lies on the line segment connecting r and r* and satisfies 

F(r) = F(0 + X:^(n-rn + ^ ^ |^(-^ " -^(r. - rj) 

/ . ^\ *=1 * l<i,j<k * 

(4.5) 



k 



*\2 



Since we also have that 
1=^^^,5)1 > 



|r G Jif'^iR) : jr^ - r* - 1| < ^ max jfc, ^v^r* + 1 - l| (1 < i < A; - 1)| 



i=l 



the desired lower bound on Proh{J^''{R,6)) follows, 
(b) Let 

<^ = {f = (n, . . . , rfc_i) G (N U {O})'^-! : Am + ■ ■ ■ + Afc_ir,_i < R} 
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and, for f G e^, set 

f(f) = j-(^R-J2^^r}j and G{f) = F{f, f{f)), 

where F is defined by (14. 3p . Given f G there is a positive but bounded number of integers 
Tfc such that (ri, . . . , Tfc) G J^^{R)\ Indeed, we have that (ri, . . . , r^) G M'^{R) if, and only 
if, 

(4.6) rfc>0 and /(f) - A/A^ < < /(f). 

Also, relation (14.61) and the Mean Value Theorem imply that there is some ^ G (r^+l, /(f )+l) 
such that 

(r, + 1) log ^ - (/(f) + 1) log = (/(f) - r,) log ^. 



We have that 



log! < \og?dh±l = iog!i±i + 0,,;,(1) < A,|a(i?)| + 0,,;,(1) 

^fc 2^fc 



by (|i3D. So (S2]) yields that 

Since we also have that /(f) + 1 < -R/A^ + 1 x,fc ,)^ + 1, by (14.41) . we deduce that 



eOfe,A(|a(i?)|) 



a-1 



(4.7) Prob(^^(i?)) ' ^ 5^ n 

In order to estimate the right hand side of (14. 7p . we shall use quadratic approximation to 
G{r) around the point r* = (r^, . . . , r\_^. We have that 

by (j43]) and (gS]). Also, 

d^G A,A 



:i<^,J<A;-l), 



' r, + l A2(/(f) + l) 

where 6ij is the standard Kronecker symbol. So for every f G ^ there is a vector ^ 
(^1; • • • ;^fc-i) that lies on the line segment connecting f and r* and satisfies 

\ 2 



r A.v/(o + i, 



fc-l / ^xo / ^/~\ ^/ ~,.\\2 
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Next, we split the set ^ into certain subsets. Let 

^1 = {f G ^ : fir) + 1 > (1 + r7)(r* + 1) - A/Afc}, 

^2 = {r G =^ \ ^1 : ri < 3r* + 4 (1 < i < A; - 1)}, 
where = -1 + 2^'=/'^ > 0, and for / C {1, . . . , - 1} set 

^3(/) = {f G ^ \ ^1 : > 3r* + 4 (i G /), < 3r* + 4 ^ /, 1 < i < A; - 1)}. 
If f G e^i, then ( l48i) imphes that 

In/ \k 

for some positive constant cq = co(/c, A), by fl4.4p . Therefore 



(4.9) I n ^^^i±I ) e«(^) i^3(.-i)/2^a(.-.)-.oi^ 

Next, if r G M2-, then for any ^ that hes on the hne segment connecting r and r* we have 
that < 3r* + 4. Consequently, 

G(r)<G(r*) + 0.,.(l)-X:|:;^, 

4 = 1 * 

by (14. 8p . So we deduce that 
(4.10) 

fn e""^'^ fn ^^5±!'j e^(-) n = e«-(i+i-(«)i)+G(^"*), 

rg.«2 \j=l ^* / \i=l / j=l 

where we used (14. 4p . Lastly, fix some non-empty set/C {1,...,A; — 1} and i & I and 
consider r G ^3(1) ■ Set 

n = (ri, . . . , rj_i, Ti - 1, ri+i, . . . , r^). 
Then for every vector s that lies in the line segment connecting r and fi we have that 

2;, A, /(fll+l/i , A. , (l + r^Krt + l) , , 3 

7^(s) < log + — log < log + — log < - log -. 

oxi Ti- 1 Afc Zk 3r* + 3 Afc Zk 2 



e 



G(r*) 



So by the Mean Value Theorem we find that e'^^'^^ < |e'^''^*-* and, consequently. 



e 



Iterating the above inequality yields that 



re^3(/) Vj=l * / fG.«iU«2 \j=l * 



GENERALIZED MULTIPLICATION TABLES 31 

since e^3(0) = Combining the above estimate with relations (14. 9p . f l4.10p and (14 .7^ shows 
that 

pO^,x{^+\»(R)\)+G(r*) 

Proh{J^^{R)) < — . 

V R 

To complete the proof of the lemma, note that 

\G{f*) - F{r*)\ = \F{f*J{f*))-F{f*,rl)\ ^ 1 + 

and 



F{r*) = -^Q(e^»°(^))z,;. 

1=1 



□ 



Finally, as a consequence of Lemma 14. we have the following estimates. 

Lemma 4.2. Let k e N, C > 0, zi, . . . , Zk > I, \i, . . . , Xk > and /ii, . . . , /x^ > such that 

Z = fiizi H h fikZk > A. 

(a) // Aj < fii for all i E {1, . . . , k}, then 

J2 il + Y,X^r,-z] J]^^«,_;,^^_^Prob(^'=(Z)). 



i=l / i=l * 



re.iTf (Z) 

(b) //log(/ii/Aj) < Xi for all i E {I, . . . , k}, then 



k \ ^ k 



Proof, (a) Let 5+ be the sum in question. If we set 

k k 

G{R) = - ^Q(e°(^)^»)z, = -Ra{R) + ^ (e°(^)^' - l) z,, 

i=l 1=1 

then Lemma 14.1( b) implies that 

V^n ^ ^c exp{c|a(Z + nA)| + G(Z + nA)} 

(4.11) ^+ <fe,C,A,/. V(l + «) , . • 

7^0 VZ + nA 

Differentiating implicitly the defining equation of a{R), we find that there are positive con- 
stants Ci = Ci{k, A) and C2 = C2{k, A) such that 

-1 



!<«'(/?)= ($:A?e"(«)^»..) <| (i?>A). 



Also, we have that 



(4.12) a(Z) > min ^ log ( ^ ) > 0, 

l<j<A: Xj \ Xi ' 
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by the definition of Q:{Z) and our assumption that Aj < fii for all i. So 

G'{R) = -a{R) < -a{Z) < {R> Z). 

Combining the above remarks, we see that the summands in the right hand side of fl4.1ip 
decay exponentially. Hence 

exp{ca(Z) + G(Z)} 

which together with Lemma 14.1( a) implies that 

S+ «fc,c,A,M e2-(^)Prob(^'=(Z)). 
To complete the proof, note that 

(4.13) a{Z) < max ^ log ( ^ ) <^k,x,^ 1, 

by the definition of a{Z). 

(b) We argue as in part (a). Let be the sum we want to estimate. Then 

n I ^^c exp{c|a(Z-r2A)| + ij'(Z-nA)} 

where E{R) = R + G{R), by Lemma HHJ^b). We have that 

H'{R) = l-a{R)>l-a{Z)>0 {R>Z), 
by the first inequality in fl4.13p and our assumption that log(/ij/Ai) < Aj for all i. Thus 

S- «,,c,A,M ^^Pi^l"(^)l+-^(^)> «,^^^^ e^+2^l"(^)IProb(^^(Z)) e'Proh{J^\Z)), 

V Z 



by Lemma HTlT a) and relations fl4.12p and fl4.13p . This completes the proof of the lemma. □ 

5. The upper bound in Theorem 11.51 

5.1. Outline of the proof. In this subsection we give the key steps of the proof of the 
upper bound in Theorem II. 51 with most of the technical details omitted. Observe that, in 
view of Corollary II. 8[ we may assume that the numbers ii, . . . ,ik are sufficiently large. Our 
starting point is Theorem 13.81 We break the sum 

s^'^'\a) = y ^^i^l^ 

into pieces according to the number of prime factors of the variables ai, . . . , a^. More pre- 
cisely, set uJk{a) = \{p\n : p > k}\ and 

Sl'^^'\y)= y (^e(NU{0})'=). 

'^k{o-i)=ri,a.i<yi'' 
l<i<k 
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Also, for each fixed i G {1, . . . ,k} define a sequence of prime numbers A^^i, Aj,2, . • . , as follows. 
Set pm = (m + 1)^/™ for m G N, Aj^o = niax{A;, yi-i} and define inductively \ij as the largest 
element of the set {p prime : Aj^o < P ^ Hi} such that 

(5.1) - < logpfe_i+i. 

p 

Aij-i<p<Aij 

Notice that the sequence {AjjjjgN eventually becomes constant. Let Vi be the smallest 
integer satisfying Ai,^,^ = Ai,^,+i. Set 

Aj = {p prime : <p< (1 < i < k,l < j < Vi) 

and observe that 

(5.2) [J Dij = {p prime : max{yi_i, k} < p < yi] {I < i < k). 
Also, we have the following estimate. 

Lemma 5.1. There exists some positive number Lk such that 

{Pk-i+iy-'"' < ^^^^ < (Pfe-.+i)^+'"= (1 < ^ < fc, 1 < J < Vi). 

Consequently, we have that 

Vi = , + Ofe(l) {l<i<k). 

\ogPk-i+l 

Proof. The proof is similar to the proof of Lemma 4.6 in |Fo08bj and Lemma 3.4 in |K10a] . 

□ 

Set V = (fi, . . .,Vk), 

A. = {(6, • • • ,er) e : < ^1 < ■ ■ ■ < < 1} 
and for i G {!,..., k} and = (^j^i, . . . , ^j^^J ^ A^. define 

m^) = ( min p^^^,(i + p;:% + ...+ p^^^^j) 

\0<]<n J 
We shall bound S^^^^iy) in terms of 

^/(^•+i)(^)= I •■■ I ^AFli^^^{k-rn^'ir--'Adi^---dik 

^i(^«)<Cfc{fc-i+2)"-'-» 
l<i<A: 

where is a sufficiently large constant. 
Lemma 5.2. Ij y\ is large enough, then 

k 

Si'^-'Ky) «fc Ui'+'\v) H {v,{k - z + 2) logp,_,+i)^' . 

i=l 



k-i+1 
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Lemma [5.21 will be proven in Subsection 15.21 Next, we give an upper bound on ui^^^\v), 
but first we need to introduce some notation. For r G (N U {0})'^, 1 < i < k + 1 and 
1 < j < A; + 1 set 

j-i 

-^{rm- Vm)^og{k - m + 2) if 1 < j < z, 

m=j 

ifj = z, 

^(^m - Vm) log(fc - m + 2) Hi <j. 

^ m=i 

Observe that 

(5.3) Bi,^ + = Si J {l<i,m,j <k + l). 
For j G {1, . . . , + 1} set 

= {r G (N U {0})'= : Bij > {1 < i < k + 1)}. 

Then 

fc+i 

(5.4) [j^, = {NU{0})'. 

j=i 

Indeed, for every r G (N U {O})'^ there is some j G {1, . . . , A; + 1} such that Bij > Bi^i for 
alH G {1, . . . , + 1}. So r G ^j, by dED- 

The following estimate will be shown in Subsection 15. 2[ 
Lemma 5.3. Let j G {1, . . . , A; + 1} and r G l^j. Then 

Ur'\v) «. min |l. fl±3»}(l±^^] U^Mk-^ + 2r^-'- 

t '^io ~^ ^ J 1^1- ' ' ' ^k- 

By Lemma [5.31 and the results of Section HI we obtain the following estimate, which will 
be proven in Subsection 15.21 

Lemma 5.4. We have that 

/ 1 \ k-i+2-Q{{k-i+2)°') 

rG{NU{0})''- i=l ^ 

The upper bound in Theorem 11.51 now follows immediately by Theorem 13.81 and Lemma 

El 



5.2. Completion of the proof. In this subsection we give the proofs of Lemmas 15. 2[ 
lOandOl 

Proof of Lemma \5.^ Let Oi = a[pi^i ■ ■ -pi.n < Vi with a[ G k) and k < pi^i < ■ ■ ■ < 

Pi,ri < yi- Also, for m G {2, . . . , k} let = Pm,i ■ ■■Pm,rm < Vm with y^^i < pm,i < ■ ■■ < 
Pm,r„,- For each m E {I, . . . , k} let bm = Pm,i ■ ■ ■Pm,r„,- Also, for 1 < m < A; and 1 < i < 
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define n^.i e {l,...,Vm} by pm,i e -Dm,n„,, and put = (n^.i, • • • , n^.r^)- For every 
i G {1, . . . ,k} Lemma [2.1( b) implies that 

i—l times k—i times 

(5.5) / k \ 

= rk+iia[)i H {k-m + 2Y-\L^''+'\h,...,b„l^_^. 

\m=i+l ) k-i times 

Moreover, Lemmas 12.11 and 15.11 together with our assumption that aj < y^'' for 1 < i < k 
imply that for every j G {0, 1, . . . , rj} we have 

L('=+i)(6i,...,6„l_^ 

k—i times 

<{k-t + 2)'--^L('=+i)(6i, . . . , ■ ■ ■pij,l^_^) 

k—i times 

< (fc - , + 2y^-^ ( H log(26i ■ ■ ■ b^)] (log(26i ■ ■ ■ 6,_i) + logfe,i ■ ■ ■ p.,,))'"*"*"' _ 



(5.6) 



\m=l 
' i-1 



rii i w k—i+1 



«, {k-i + 2^-^ n \ogy^ (logy,_i (1 + f^^^^, + ■■■ + p:-^J) 

\m=l / 

^k{k-i + 2)- ( n (A: - m + 2)- ) [p.^^, (l + p^^^,^, + ■ ■ ■ + p:!:^^,)) 



So if we set 

(\ k-i+l 
gmin^ Pl-i+i (1 + Pfe-'+i + ■ ■ ■ + Pfc-^+i) j 

and 

G{ni, ...,nk)= min <( Gi(ni) TT (fc - m + 2)" 



m I m 



l<i<k 

then we find that 



m=l 



L('=+i)(a) «fe rfe+i(a;)G'(ni, . . . , n^) ^(A; - z + 2)'-^ 



Next, note that 

G,{n,) <{k-r + 2)-- (l + p^^^^, + ■ ■ ■ + p^^^vO'^^^' 
(5-7) /loe2a- 
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by Lemma Em and our assumption that < y'^''. Also, 

So if Af denotes the set of /c-tuples n = (ni, . . . , n^) satisfying 1 < 77,^,1 < • ■ ■ < '^m,rm < "Wri 
for 1 < m < and inequahty (15. 7p . then 



(5.8) 



1 



v 



Pi,j ^-^i,rij J- 

i<i<n ' 



J 



Fix i G {1, . . . , fc}. Let (yfj^s = |{1 < j < : nij = s}| for s G {1, . . . , Vi}. By (15. ip . the sum 
over pi^i, . . . ,Pi,ri in (15. 8 p is at most 



9i,s 



(5.9) 
where 



s=l 



p 



I{ni) := G A^^ : riij - 1 < Vi^ij < riij (1 < j < r^)}. 
By dEH]) and O we deduce that 

(5.10) Sl''+'\y)<^k (l[{v,{k-t + 2)\ogpk.,+r)A ^ G'(n) Vol (J(ni) x •■■ x J(n,)) . 

\i=l / neAf 

Finally, note that the definition of /(n^) and (15.71) imply that 

G.(n,) <{k-t + 2)F,(^J <ik-t + 2)G,(n,) < Ck{k - t + 2)--^''+i (^, G /(n,)) 
for some sufficiently large constant Ck and, consequently, 

J2 G'(n) Vol (/(m) X ■ ■ ■ X /(nfc)) «fc f/('=+i)(i;). 



Inserting the above estimate into (I5.10p completes the proof of the lemma. 
Our next goal is to show Lemma [5.31 First, we state an auxiliary result. 



□ 



Lemma 5.5. Let fi > 1, A > 0, r,v E N and 7 > 0. Consider the set 7^(r, ^,7) of all 

vectors (^1, . . . , Cr) G such that ix"^^ + h pi"^^ > fx^'^ for I < j < r. If 'y > r — v — A, 

then 



Vol (7^(r, V, 7)) ^ min <j 1, 



(7-r + y + A + l)(7 + l) 
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Proof. If 1 < r < 2v, then the resuh follows by Lemma 5.3 in jKlOa] (see also Lemma 4.4 
in |Fo08aj ) and the trivial bound Vol(7^(r, t>, 7) < Vol(Ar) = 1/r!. If r > 2v, then we have 
that 'y>r — V — A>r/2 — A and, consequently, 

(7-r + t; + A + l)(7 + l) 
r 

So the lemma holds in this case too by the trivial estimate Vol (7^(r, v, 7)) < 1/r!. □ 

Proof of Lemma l573[ Let j G {1, . . . , A; + 1} and r E TZj. For each i G {1, . . . , k}, let 71 be 
the set of ^ = (^]^, . . . , G A^.-^ x ■ ■ ■ x A^^. such that 

(5.11) min I Fsit) JJ (A; - m + 2)^'™-'^'") = min {F,(^Je-^^-} = F,(^Je~^i- 

I, m=l ) 

and 

Fs{^,)<Ckik-s + 2r-^^ {l<s<k). 
Then for every £ G 7i we have that 

Fi{^i)e~^''' < min {min{Cfc(A; - s + 2)^^-"% l}e-^^^4 , 

l<s<fc 

which, together with (15. 3p . implies that 

FAQ < CkC^'^^ min g-^^^^i^i-'^i^+i} = Cke-"'^''^^^-''-'^^-'^+'\ 

l<s<k 

Relation 05.31) and our assumption that r G Mj imply that Bi j = Bi s + Bgj > Bi s for all 
s E {1, . . . , k + 1}, that is to say, max{_Bj_i, . . . , Bi ^+i} = Bi j and, consequently, 

F.(C.)<C7,e-^-. 

For i E {1, . . . ,k} and n > Bij > max{i?j_j(,, Bi^i^^i, 0}, let 7i(n) be the set of (^1, . . . , ^^j.) G 
71 such that 

Then for (^1, . . . G 7i(n) relations fl5.3p and (15.111) imply that 

F.o(C,J>e^'''oF,(^,)>C,e^Mo-. 

Hence, for every j G {1, . . . , rj^,}, we have that 



38 DIMITRIS KOUKOULOPOULOS 

provided that Ck is large enough. So Lemma 15.51 gives us that 



i=l i- 



Ti 



f ■ I 

l<j<k ^' 



Vol r„._._, 



V ° °'log(/fc-'io + 2) 
«,y^^ y lmin|l.'"-^"" + ^<"-^-°^' + '> 

i=l ^ n>Bij ^ *0 

<fc V — ^ T-B- "^1^ ^ 1' ^ TT ^ 



— mm 



Proof of Lemma 5^ Lemmas 15.21 and I5.3l imply that 



rG{NU{0})* i=l re^j \m=l / \m=j 

k 



(5.12) xminjl, (^ + ^^-o J(l + ^^.o+i.) | 

fc+1 



{Vrn log Pfc-m+l' 

/V. I 

m=l 



which completes the proof of the lemma. □ 
We conclude this section with the proof of Lemma 15.41 



We fixj G {1,...,A; + 1} and bound Tj. We have that r G if, and only if, 

i-i 

(5.13) 5^1og(/c-m + 2)(r^-t;J >0 (1 < z < j - 1) 
and 

i 

(5.14) ^log(/c-m + 2)(r„-t;^) < (j < « < /c). 

Let Mi^j be the set of vectors ri = (ri, . . . ,rj_i) G (N U {0})-'^^ such that fl5.13p holds and 
let be the set of vectors ra = (r^, . . . , r^) G (N U {0})^--'+^ such that (ICTj) holds. Note 
that if ri G T^-ij, then 

l + 5,„j = 1 + 5^0,1 + < (l + max{0,Si„,i})(l + Sij) <fe (1 + £i + ■ ■ ■ + Vi)(l + ^u). 
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since (15.130 implies that Bij > 0. Similarly, if ^2 G 1^2 j, then 

1 + Bio+i,j = 1 + Big^i^k^i + Bk+ij + r jg+i + ■ ■ ■ + rk){l + Bk+ij), 

since (15.141) implies that -Bfc+i,j > 0. So, if we set 

{! + £, + ■■■ + ^io-i)(l + '^io+i + ■ ■ ■ + '^fe) 



/3(r)=min|l, ^ ^ 

then we have that 

Tj<^k Yl (ll^k-m + 2rA (l[{k-m + 2y 



\m=j 



je{i,2} 

k 



X /3(r)(l + i?,,)(l + 5.+,,) n ^""^^^^^--^^^ 



m=l 

For s e {0,1, . . . ,k} set 

ri£^ij \m=l / \m=j 

+ 1 TT (^"^ log 



x(i+i?i,)(i+5,+i,)-^n 



+ - 1 
" rn=l 



where Tq = 0. Then 

(5.15) Tj <fc min {T,- (1 + £i H h £io_i)(T,- o + T,- io+i + ^j,io+2 H ^ • 

Observe that Tj^^ may be written as a product of two sums, with the first one ranging over 
ri G e^ij and the second one over r2 G ^2,j- Lemma I12ta) can be applied to the first of 
these sums (with j — 1 in place of k, {vi log pk-i+iYiZl in place of {log(/c — i + '2)}izl 

in place of {Aj}^^^ and {k — i + lYiZl iii place of {yUj}^^]^). Similarly, Lemma H^ b) can be 
applied to the second sum. As a result, we deduce that 



(5,16) T,,.«.ii|i n (*-'"+ 2)"" E n 

iG{l,2} 

where £o = 0, 

i-i 

ri G (NU{0}y-i : -log(A; + l) < ^ log(A; - m + 2)(r„ - t;™) < 



and 



m=l 



^2,, = < ^2 G (N U {0}f-'+^ : - log(A; + 1) < J] log(fc - m + 2)(r^ - < 
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Clearly, we have that 

X ^'^^^ C |r G (N U {0})'^ : -21og(A; + 1) < ^ log(fc - m + 2)(r^ - y^) < }> , 



m=l 



which, in combination with relation fl5.16p and Lemmas 15.11 and 14.1( b). implies that 



±1 ^ fr 

, + 1 Vlog log Vk^h 



log|/i 



+ 1 Vloglogi/fc Vlogl/i-i 
By the above estimate and flS.lSp we deduce that 



A;-i+2-Q((fc-j+2)") 



. (i + £i + --- + Vi)(i + ^*o+i + --- + 4) 

mm<l, : r k 



n 



logl/i 



A:-j+2-Q{(fc-j+2)°) 



Vloglogl/fc f=l Vlogy^-i 

Finally, inserting this inequality and (I2.10p into (I5.12p proves the lemma. □ 

6. The lower bound in Theorem II. 5t outline of the proof 

As in the proof of the upper bound in Theorem 11.51 our starting point in order to prove the 
corresponding lower bound is Theorem II. 71 Also, we may assume that the numbers £i, . . . ,ik 
are large enough, by Corollary 11.81 However, the arguments deviate significantly from those 
in Section [51 As in [;Fo08a| [FoOSbl [KlOa] . our strategy is to construct a subset of ^^{y) which 
contributes a positive proportion to S^'''^^^ (y) and on which we have good control of the size 
of L^'''^^\a) via Holder's inequality. First, for P G (1, +oo) and a = (oi, . . . , a^) G N'^ set 



di ■ ■ -di \ai---ai 
l<i<k 



\ 



p-i 



E 



1 



d'j^---d[\ai---ai 
log(4M)|<log2 
l<i<k 



J 



We have the following inequality. 

Lemma 6.1. Let P G (1, +oo) and consider a finite set A gN''. Then 



ai ■ ■ - ttk 



i/p 



—y 

(log 2)'= ^ 



ai ■ ■ ■ ttfc 



Proof. The proof is similar with the proof of Lemma 3.3 in |K10al 
Our next goal is to bound 



ai- ■ ■ Qk 



□ 



E 



ai - ■ ■ ak 
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from above for suitably chosen sets ^ C N^. In order to construct these sets, recall the 
definition of the numbers Xij and Vi and of the sets Di j from the beginning of Subsection 
EH Then for g = {g„ ...,g,)E {NU {0}y^ x ■ ■ ■ x (N U {O})'^'^- with g, = (^,,1, . . . , ^,,,J let 

A{g) =Ai{g^) x ■■• x 

where for each i E {I, . . . , k} Ai^g,) is defined to be the set of square-free integers composed 
of exactly gij prime factors from Dij for each j G Set Gi^ = and Gij = 

di,! + ■ ■ ■ + gi,j, j = ^, ■ ■ ■ ,Vi. We shall estimate 



ai ■ ■ ■ Ofc ' 

aeA(g) 

but first we need to introduce some new notation. Fix P G (1, 2] and set 

j + (k-i + 2-j)^ , 

^i^J = - • , o {l<i<k, 0<j <k~i + l). 

k — I + 1 

Also, for integers l<i<k,v>Q and n > with v + n <k — i + l and for gr^ G (N U {0})*'' , 
set 

n 

0=so<si<---<s„<s„+i=Vi j=0 

Lastly, we define 

k 

0=Jo<Ji<-<Jk<k i=l 
Ji>i {l<i<k) 

Lemma 6.2. Let r e N'' and g = {g^, ■■■^Qk) e U {0})"! x ■ • • x (N U {0})''* such that 
Gi^v^ = Ti for a/H G {1, . . . , fc}. Then 

WP^,{a) ^((A;-^ + 2)logp,_i+i)'-» 



^ :i^±l}->^<^T[g)\{ 



The proof of Lemma [6^ will be given in Section [71 Next, we use the above result to show 
that W^j^]^{a) is bounded on average over a union of suitable chosen sets A{g), which we 
construct below. Define 



G (N U {O})'^ : - log(A; + 1) < J]] log(A; - i + 2) (r^ - Vi) < 0, 



i=l 



\ri-{k-i + 2)'^e,\< ^/li (l<i<fc)}. 



Fix r e ^* and i e {1, . . . ,k} and set 



i~l 



^ ' 7 = 1 
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and 

1 ' 

w[ = u', + Vi-Ti = l + ^^g^^ _ , + 2) S ~ ^ ^ '^^^'"^ ~ 
By Lemma [2.21 and the definition of zq (see also tlie derivation of (12.61) ). we liave tliat 



(6.1) u[ X, 
and 

(6.2) w[ X, 
Define 



1 + £i + ■ ■ ■ + ^i-i if 1 < i < io, 

1 + H h 4 if io + 1 < ^ < ^, 

'l + 4 + --- + ^* ifl<«<«o-l, 

1 + + ■ ■ ■ + 4 if io < « < fc- 



, ri-Vi + a/ (rj - ViY + 4rj 
M,- = mm < u-, 



and 



Wi = Ui + Vi — Ti = min < w. 



2 

, Vi-ri + a/ (rj - Vi)^ + Avi 



2 

Note that Ui 1 and Wi 1, since x^ Vi for r G Also, since 

Wi^i = («i)^ + (^i - 
we have that u'^w'^ < exactly when 

, , ri-Vi + a/ (n - ViY + 4ri 
^ , 

in which case Ui = u[ and Wi = w[. On the other hand, if u'jw[ > r^, then we find similarly 
that 

_ri-Vi + a/ (ri - + Avi _ t;, - r j + a/ (r^ - Vi)^ + 4ri 

2 2 

In any case, we have that 

[p. 6) Pi := = mm < 1, 

Lastly, observe that 

P if 2 = 2o, 



(6.4) A 



'i 



1 else, 



by relations (16. ip . (16. 2p and (I2.10p . For every i G {2, . . . , A;} let ^j(rj) be the set of vectors 
gi G (N U {0})''" such that 

(6.5) Gi^y^ = Ti and Gij < j + Ui (1 < j < Vi). 

Also, let ^^i(ri) be the set of vectors = {gi^i, . . . , gi,vi) ^ (NU {0})^^ that satisfy (16. 5p with 
2 = 1 and have the additional property that gi ^ = for 1 < j < — 1, where A^ = N{k) 
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is a sufficiently large constant to be chosen later. Finally, let ^(r) = ^i(ri) x • • • x '^kij'k)- 
Then the following estimates hold. 

Lemma 6.3. For every r G M* we have that 

Oi ■ ■ ■ flfc rA 

ge'^{r)a&A{9) i=l ' 

provided that N is large enough. 

Lemma 6.4. Assume that a satisfies f ll.ip for some fixed e > 0. If P = P{k,e) is close 
enough to 1, then for r e ^* we have that 



Cli ■ ■ ■ 0,1. 



Lemmas 16.31 and 16.41 will be proven in Section [HI Using these results, we complete the 
proof of Theorem II. 5[ 

Proof of Theorem \1.5\ (lower bound). Assume that a satisfies fll.ip for some fixed e > 0. Fix 
r G For every a G UgGg'(r) ^id) have that 



/ 1 \ k-i+l 

by Lemma 15.11 and the definition of ^* . Therefore 



ni A/ / 1 \ ' 

M Viogy^-i/ 



by Lemmas 16. H I6.3l and 16.41 Also, relation (15. 2 p implies that 

U U Aig)c^Hy)- 

Hence, combining fl6.6p with Theorem II. 7| we deduce that 

,,,, j^fl^. 

^ re,«* i=i 

Finally, we have that 



e 



1 TT / ^^sy. 



^ rA ^/loeloey^. -'■-'^ 



re.** i=l 



Vloglog Vlog y^-l 



by Lemma [4.1( a). which completes the proof. □ 



7^,; 
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7. The method of low moments 

This section is devoted to establishing Lemma 16.21 This will be done in three steps. 
Throughout this entire section we fix a vector r G and a vector g = [g^, . . . , Qj^) G 
(N U {0}y^ X ■ ■ ■ X (N U {0})^'= with G^,^, = n for alH G {1, . . . , k}. Set = Y!j=i and 
define 

= {(Fi, . . . , no : C {1, . . . , Ri}, n = if z ^ j] . 

Also, set 

'{0,1,..., if^ = l 

{i?i_i + l,...,i?i} ii2<i<k. 

For J G {0, 1, ... , Rk], define G U?=i{0> 1, • • • , ^i} as follows: If / = 0, set Eg{I) = 0; 

else, let i be the unique number in {1, . . . ,k} such that -Ri_i < I < Ri and define Eg{I) by 

Gi,_Eg(/)-i < / — -Rj-i < Gi^Eg{i)- 

For 1^ = (Yi, . . . , Yfc) G <^r., m = {mi, . . . , m^} a permutation of {1, ... , k} and Ji, . . . , /fc G 
{0, 1, . . . ,-Rfc} put 

{k k ^ 

(Zi, . . . , Zfc) G : U (Z^, n (/„ Rk]) = U (y^, n (J„ (1 < J < A;) I 
i=j i=j J 

In addition, let 

^ = \iJi,...,Jk):JiC{l,..., k}, ^ IX.! > i (1 < 2 < A;), n J, = if i ^ J 



m=l 



and, for (jTi, . . . , J7fc) G set Ji = |j7i| + ■ ■ ■ + |j7i| > i for alH G {0, . . . , A;}. Lastly, for a 
family of sets {Xi}i^i define 

U{{X, : z G /}) := |x G [J X, : |{j G / : x G = l| . 

In particular, U{Y, Z) = YAZ is the symmetric difference of Y and Z. 

Remark 7.1. Assume that Yi, . . . ,¥„ and Zi, . . . , Zn satisfy Yi HYj = Zi n Zj = for i 7^ j. 
Then 

U{{Y,AZ, :l<j<n})=(^[J A (^(j Z, 

7.1. Interpolating between and estimates. The main difficulty in bounding 
W^fc^i(a) when P G (1,2) is that it is hard to use combinatorial arguments directly due 
to the presence of the fractional exponent P — 1 in the definition of W^j^^ia). To overcome 
this difficulty, we perform a special type of interpolation between and estimates. This 
is accomplished in Lemma [7. II below, which is a generalization of Lemma 3.5 in |K10a] . 
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Lemma 7.1. Let P G (1, 2], r G (N U {0})'= and g = {g^, ...,gi^)e{nu {0}^ x • • • x (N U 
{0})''* such that Gi^y. = rt for i = 1, . . . ,k. Then 

l<i<k,j£Ji 



Proof. Consider 

(7.1) a= (ai,...,afc) = {pi - ■ ■ Pr^^Pr^+i - ■ ■ Pr^, ■ ■ ■ :Pr^_^+i - ■ ■ Pr^) ^ A{g) 
such that 



(7.2) 



P/?,_i+G,.,_i+i, • • • ,P/?,_i+G,,, e A,i {l<i<k, l<3<v. 



and the primes in each interval Di^j for z = 1, . . . , and j = 1, . . . ,Vi are unordered. Since the 
number Y[i=i square-free and uj{ai) = ri for alH G {1, . . . , k}, the fc-tuples {di, . . . , d^) 
with di- ■ ■ di\ai- ■ ■ tti for 1 < i < k are in one to one correspondence with the /c-tuples 
(Yi, . . . , Yk) G via the relation 

^. = 11^^ (1<J<A;). 
Using this observation twice, we find that 



p-i 



iYi,...,Yk)e.^^ 



. (Zi,...,Zfe)g.5^, 

\ El / 



where for two fc-tuples (Yi, . . . , Yk) G <^^r and {Zi, . . . , Z^) G condition (17. 3p is defined 
by 



(7.3) 



- log 2 < ^ log Pi - ^ log Pi < log 2 (1 < j < /c). 



ieZi 



Moreover, each /c-tuple (ai,...,ajt) G ^(gi) has exactly Hijfi'ij' representations of the 
form given in (17. ip . corresponding to all the possible permutations of the prime numbers 
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Pi, . . . ,PRf. under condition (17. 2p . Hence 



E 

a£A{g) 



Ol ■ ■ ■ flfc 



n — y ' 

Al n, A ^ Pi ■ ■ ■ VRi. 



p-i 



Vl<j<Di 



n I E E 



E 



E 



l<j<-u. 



. (Zi,...,Zfe)e^. , 
/ 



p-i 



(yi,...,Yfc)G^r.Pi'---'Pfife 
17:211 



E 



. (Zi,...,Zfe)G5^.. , 

\ El / 



So Holder's inequality yields that 



E 

aeA{g) 



0-1- ■ ■ O-k 



( 



< 



\ 



l<i<k ^^'■i 



( 



P-1 



E 

(Yi,...,yfc)e.5 



E 



E 



\ El 



El 

\ 2-P 



X 



E 



Pi,---,Pr, 

\ El 



P1---PR, 



Note that 



E 



1 



El 



Pl---PRk 



< 



nil E^ <mo^^^-'»r 

i=l j=l \peDi,, ^ I i=l 



by (15. ip and, consequently, 
(7.4) 



fll ■ ■ ■ O-fc 



j^(logp,_,+0^^-^)^' 



,i=l 



E 



E E 

El, El 



1 



Pi- ■■PR, 



p-i 



Next, we estimate the sum over the primes above. In order to do so, we need to understand 
condition ( ]7.3p . Note that (17. 3p is equivalent to 



(7.5) 



- log2 < ^ log Pi - ^ log Pi < log 2 (1 < j < k). 



Fix two fc-tuples (Fi, . . . , F^) G and (Zi, . . . , Z^.) G !3^r and define the numbers Ii, . . . ,1^ 
and mi, ... , mfc with /j e (Fm, AZ^J U {0} for alH G {1, . . . , k} inductively, as follows (see 
the proof of [KlOat Lemma 3.5] for the motivation behind these definitions). Let 



Ji = max {W(FiAZi, . . . , Y^AZk) U {0}} . 
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If Ji = 0, set mi = k. Else, define mi to be the unique element of {!,..., k} such that 
Ii G Ym-t^AZmi- Assume we have defined /i, . . . , /j for some i G {1, . . . , k — 1} with 1^ G 
(Y^^AZm,.) U {0} for r = 1, . . . , i. Then set 

/,+i = max {W {{YjAZj : j e {1, . . . , k} \ {mi, . . . , m,}}) U {0}} . 

If Jj+i = 0, set mj+i = max{{l, . . . ,k} \ {mi, . . . ,mj}}. Otherwise, define m^+i to be the 
unique element of {1, . . . , A;} \ {mi, . . . , mj} such that Jj+i G K^.^-^ AZ^.^^. This completes 
the inductive step. 

Note that we must have {mi, . . . , m^} = {!,..., k}. Also, if we set 

Ji = {I < j < k : Ij e TZi} {l<i< k), 

then observe that {Ji, . . . , J7fc) G since 

i 

Ji = Y. = I{1 < i < ^ • < >\{^<J<k: mj <i}\=i 

m=l 

for all z G {1, . . . , k}. Set X = {/j : 1 < j < k, Ij > 0} and fix for the moment the primes pi 
for i G {1, . . . , \X. Then (17.51) becomes a system of linear inequahties with respect to the 
set of variables {log pj : / G X} that corresponds to a triangular matrix, up to a permutation 
of its rows. So a straightforward manipulation of the inequalities which constitute (17.51) 
implies that pi G [Xj, 4^X/] for I E I, where the numbers Xj depend only on the primes pi 
for 2 G {1, ... , Rk} \ X and the fc-tuples (Yi, . . . , Yk) and {Zi, . . . , Zk), which we have fixed. 
Consequently, 

Yl 11- n n log(max{A,s (n_i,X,,}) H 11 log'Li ' 

lj>0 

by Lemma 15. 1[ So we find that 
(lL2j,i[L3 

which, together with (17. 4p . implies that 



P-1 



Note that 

(7.7) \{{\ogm-.r^\ X, fje^^-^-)^- X, n(p, 

i=l 1=1 i=l 

by Lemma 15.11 Moreover, the definition of the numbers Ji, . . . , and mi, . . . , irik implies 
that 

{Ij,Rk\ nU{{Y^^AZ^^ ■■j<r<k]) = % (1 < J < fc). 
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which is equivalent to 

k k 

[j {Zm^ n (/„ Rk]) = \J {Y^^ n (/„ Rk]) {i<j<k), 

r=j r=j 

by Remark 17.11 Hence for fixed (Fi, . . . , Yk) G < Ii, . . . ,Ik < Rk and m = 

{mi, . . . , rrik}, a permutation of {1, . . . , k}, the number of admissible fc-tuples {Zi, . . . , Z^) G 
is at most Mr(Y; I;m). Combining this observation with (17.61) and (17. 7p we deduce 

that 

_ k 

' k+l " ' 



/ ■ ■ ■ n, \ J- J. 



(log pk-i+iY' 



a^A(g) 



{Yl,...,Yk)(^.^r 



( \ 

J2 J2^^r{Y;I;m) H {pk-.+i)-^'-''^"''''^^'^^ 



p-i 



h,...,Ih 



l<i<fc 



Finally, the inequality (a + h) ^ < a ^ + b ^ for a > and 6 > 0, which holds precisely 
when 1 < P < 2, completes the proof of the lemma. □ 

7.2. Combinatorial arguments. In this subsection we use combinatorial arguments to 
calculate Mr{Y; I;m) and, as a result, simplify the estimate given by Lemma l7.ll Note 
that the following lemma is similar to Lemma 3.6 in |K10aj . 

Lemma 7.2. Let P G (1,+cxd), r G (N U {0})'^, m = {rrii, . . . ,171^.} a permutation of 
{1, . . . , k}, (j7i, . . . , J7fc) G ^ and < Ji, . . . , Jfc < Rk such that Is G TZi for s E J'i and 
1 < i < k. Assume that a E Sk is a permutation such that /^(i) < ■ ■ ■ < Icr{k)- Then 



j: (MAY: /; m))"- < n I - ' + 2)- ,^'-'-''^'1 . 11 



i=l 



Ji-i<j<Ji 



Proof. Set o"(0) = 0, a{k + l) = k + 1, Jq = and Ik+i = Rk- First, we calculate M^iY] J; m) 
for fixed Y e ^r- Let 



Mi J = TZif] {Ia{j) , la 



+ 



[l <i <k, Ji^i < j < Ji 



and 



where 



s,i,3 = Ys n Mj, ys,i,j = \Ys,i,j\ {0 < s <k, l<i<k, Ji_i <j< Ji), 



Yo = {l,...,Rk}\[jY,. 



i=l 



The /c-tuple (Zi, . . . , Zk) G is counted by Mr{Y] /; m) when 



(7.8) 



U (z^, n (J„ i?fc]) = U (i;„. n (J„ i?fc]) (1 < J < A:). 
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So if we set 

Zs,ij = Zsn M,j iO<s<k, l<i<k, Ji-i<3 < Ji), 

where 



k 

7 

11 



Zo = {l,...,/2fc}\|JZ 

i=l 

then (17.81) can be written as 



k k 

(7.9) U = U F^,,,,, (1 < ^ < A;, J,_i < j < J^, < t < j)- 

s=a{t) s=(T{t) 

For j > let 

X, : {0, 1, . . . , J, J + 1} ^ {fT(O), (t(1), . . . , a(A; + 1)} 
be the bijection uniquely determined by the property that Xi(0) < ■ ■ ■ < + !)• So the 
sequence Xi(0); • • • ; + 1) is the sequence cr(0), . . . , cr(j), (t(/c + 1) ordered increasingly. In 
particular, Xj(0) = "^(O) = and + = cr{k + l) = k + 1. Note that Zm^^ij = Yma,i,j = 
if 1 < rUs < i, by the definition of So if we set mo = and 

^t,i,j = iXjit) < s < Xjit + 1) : > z or s = 0} (1 < t < k, Ji-i < j < Ji, 0<t< j), 
then (17. 9p is equivalent to 

(7.10) U Z^^,ij= [j Y^^.j (0<t<j), 

for all 1 < z < A; and Jj_i < j < Ji- For such a pair (i, j), let Mj j be the set of mutually 
disjoint {k — i + 2)-tuples {Zo^ij, Zi^ij, Zi^i^ij, . . . , Z^^ij) that satisfy (l7.1Up . Then 

(7.11) Mr{Y;I;m)= J] M„-. 

l<i<fc 

Moreover, it is immediate from the definition of Mjj that 

j 

i=0 

(with the standard notational convention that O" = 1). Let 

(7.12) Wt^ij = [j Ym^,i,, and Wt,ij = \Wt,ij\ {l<t<k, Ji-i <3<Ji,0<t< j). 
With this notation, we have that 

t=0 

Inserting the above relation into (17. lip , we deduce that 

k Ji j 
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Therefore 
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\(P-l)wt,i,j 



Next, for fixed i G {1, . . . , fc}, j G { Jj-i, • • • , Jj} and VFo,ij, • • • , a partitfon of Mj, tlie 

number of lo,j,i5 • • • ? ^fc.ij that satisfy (17.12P is equal to 



Consequently, 

(7.13) 5 = n n E ri I A^.r-'-'^- = n n (i^o«r + ■ ■ ■ + 1 ^-..r) 

j=l j=Ji-i Wo,i,j,-,Wj^tj t=0 i=l j=Ji_i 

by the multinomial theorem. Fix 1 < z < A; and Jj_i < j < Ji and set 

i^M = {0<i<J : > 1}. 

We claim that 

(7.14) j -i + 2<\Kij\<k-i + 2. 
Indeed, we have that 

{0}U{1< s<k:m,>t}= U C |J {s G Z : x,(t) <s<Xj{t+ !)}• 

The above relation implies that 

k-i + 2= |{0} U {1 < s < A; : > i}| = I^mI > I^mI 



and 



fc-^ + 2< U {sGZ:x,(t)<s<x,(t+l)} 



/c + 1- U {seZ:Xj{t)<s<xAt + l)} 

te{o,i,...,j}\K,,j 

which together prove (17.141) . Lastly, note that for n < X we have 



max <,^Xj -.^Xj = X, Xj > 1 {1 < j < n) \ = n -1 + (X - n + 1)^, 
. i=i i=i J 
since the maximum of a convex function in a simplex occurs at its vertices. Therefore 

\Ao,ij\'' + ■■■ + < \Kij\ -l + (k-i + 3- \K,Jf <j-i + i + (k-j + lf 

= {k-i + 2)tij_i+i, 
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by f l7.14p . Finally, inserting the above inequality into f l7.13p yields 

s<i[{k-z+2Y^ n (^M-m)'-^'-^' 

i=l j=Ji-i 
k I A-1 \ 

«=i y=Ji_i+i J 

which completes the proof of the lemma. □ 

7.3. Proof of Lemma 16. 21 In this last subsection we combine the results of Subsections 17. II 
and 17.21 to show Lemma 16.21 

Proof of Lemma \6.2i By Lemmas 17.11 and 17.21 we have that 
(7.15) 

aeAig) 0=Jo<Ji< -<.h<k 0<Ii<-<Ik<Rk i=l ^ ' 

Ji>i (i<i<fc) ijeiZi, Ji^i<j<Ji 

l<i<k 



T- T'^^l. \ti,j-i+l/ 



jthJi-i+l)^' YJ /„P-1 \-Ea(h) f 

(cF-^ ){k-J,)v,(f. ^ . ,AR,-i 



Write Cj = Eg{Ij) for i G {1, . . . ,k} and note that 

< ej,,,+i < ■ ■ ■ < ej, < t;^ il<t<k). 
Moreover, for 1 < i < k and Ji-i < j < Ji we have 

since tjj-j > Inserting the above inequality into ( 17.15^ completes the proof. □ 

8. The lower bound in Theorem 11.51 completion of the proof 
In this section we complete the proof of Theorem 11.51 by showing Lemmas 16.31 and 16.41 

8.1. Preliminaries. We state here some inequalities we will need later. For < < a; set 

^, (x + 1) log(x + 1) - (x - /i + 1) log(x - /l + 1) 
h) = . 

We summarize some properties of F in the following lemma. 
Lemma 8.1. (a) For < h < x we have 

dFixJil dFixJ^ diFix^ 

on ox ox 
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(b) For < h < X — 1 we have 

F{x,h) > F{x-h,l). 

Proof, (a) We have that 

dF{x, h) 1 



dh 

Also, 



h 

/i + (x + 1) log ( 1 - 



x+1 



< {0 <h<x). 



dF{x, h) 1 , f x + 1 . ^ ,^ ^ ^ , 
^ ' ^ = - log > {0 <h<x). 



> {x> 0). 



9x h \x — h + 1 

Finally, 

d{F{.r..r)) _ .r - l()g(.r + 1) 
dx x^ 

(b) Fix x> \ and note that it suffices to show that 

g{h) = (x + 1) log(a; + 1) - (/t + l)(a; - /i + 1) log(a; - h + \) + h{x -h) log(a; - /i) > 
for < /i < x — 1. Since g{^) = 0, it is enough to show that g'{h) > 0. We have that 



g'{h) ^l + {2h-x) log (^^^) 



If /i > x/2, then ^'(/i) > 1. If < /i< x/2, then 

, , X — 2h h 

In any case, we have that g'{h) > 0, which completes the proof of the lemma. □ 

Finally, we have the following lemma. 
Lemma 8.2. The sequence 



1 , /(n + 2)log(n + 2) -log4 
1 — - — — log ' 



log(n + 2) \ n 



neN 



is strictly increasing. 
Proof. For x > set 



^j^j ^ (. + 2)log(. + 2)-log4 gj^j _ ^ _ log(9(.)) 



X log{x + 2) ' 

First, we check numerically that < G{2) < ■ ■ ■ < G(14). Next, we handle the larger 
terms of the sequence. We have 

x{x + 2)[{x + 2) log(x + 2) - log 4] log^(x + 2) ' 

where 

h(x) = x[(x + 2) log(a; + 2) - log 4] log(^(a;)) -{x + 2) \og{x + 2){x - 2\og{x + 2)+ log 4). 
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Observe that for x > 14 we have \og{g{x)) > loglog(x + 2) > 1. Consequently, 

h{x) > -xlog4 + 2(x + 2)log^(x + 2) - (log4)(x + 2) log(a; + 2) 
> {-X + 3{x + 2) log(x + 2)) log4 > 

for all X > 14, that is G'{x) > for x > 14 and the desired result follows. □ 

8.2. Estimates from order statistics. Throughout this subsection we fix a vector r G M*. 
Our goal is to bound the quantities Ti{gf, 1^,11), which were defined in Section [6l on average. 
To achieve this, we appeal to certain estimates from probability theory proven by Ford 
in [FoOScj . Recall that 

A. = = (^1, . . . ,e) e : < ei < ■ ■ ■ < < !}• 

For r G N, w > and f > 1 set 

/I 1 — u 
Qr{u, t;) = r! Vol U G A, : ^ > (l < i < r] 



= Prob Ui > (1 < i < r) 

Then we have the following estimate, which essentially follows from Theorem 1 in |Fo08c] . 
This estimate is stated in |Fo07 ] too without proof. For the sake of completeness, we supply 
the details of its proof. 

Lemma 8.3. Let r E N, u > 1 and v > 1. Ifw = u + v — r>l, then 

Qr{u, v) X min |l, — | . 

Proof. The desired upper bound follows immediately by Theorem 1 in |Fo08c] and the trivial 
bound Qr{u,v) < 1. For the lower bound we distinguish several cases. First, assume that 
V > 2r. Then 

1~1~'U — T ( l\^^ f VblV 

Qr{u, v) > Qr{l, v) = 1 + - X 1 = min n, — 

V \ V J L r 

by |Fo08ct Lemma 2.1(i)]. Next, consider the case v < 2r. Set 

, J r — V + \/ (r — vY + 4r | 1 
u = mm <^ M, \ > - 

and 

{V — r + \/{r — vY + 4r 1 1 
w, ? > - 
2 1-2 

By a similar argument with the one leading to fl6.3p . we have that 



min { 1, — 

r 



uw ^ u'w' 
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Fix some constant C . \{ u' > C and w' > C, then the lower bound follows by Theorem 1 
in |Fo08cj applied to Qr{u', v) < Qr{u, v), provided that C is large enough. If 1/2 < u' < w' 
and u' < C, then r < v < 2r and thus 

1 + f — r/^ 1\ u + V — r uw 



Qriu,v) > Qr{l,v) = + , 

V \ V J r r 

by |Fo08ct Lemma 2.1(i)]. Finally, if 1/2 < w' < u' and w' < C, then v < r and thus 

1 + r — V w' + r — V u'w' 
Qr{u, V) > Qr{l + r - f , i;) > Xc Xc , 

by |Fo08bt Lemma 11.1]. In any case, we obtain the desired result. □ 

For r, f G N and m > set 

v) = {{gi, ...,g,)e{NU {0})" : Qi + ■ ■ ■ + = r, gi + ■ ■ ■ + Qi < i + u {1 < i < v)}. 

Then an equivalent formulation of Lemma [8.31 is the following result. 

Lemma 8.4. Let r G N, f G N and u > 0. Ifw = u + v — r>0, then 

^ 1 . f, {u + l){w + l) 
/ rX— mmM, 

g&%-{u,v) 

Proof. For every g G ^^(m, v), let R{g) be the set of ^ G A,, such that, for any 2 G {1, . . . , w}, 
exactly gi of the numbers lie in [{i — l)/v,i/v). Then 

(8.1) Vol(i?(g)) 



v gil ■■■gv^ 



Also, we have that gi + - ■ ■ + gi <i + u if, and only if, ^j+^u+ij > ^. Hence summing (18. ip over 
^ G ^r(w,f) and applying Lemma [8.31 completes the proof. □ 

Lemma 8.5. Let r G Consider integers 1 < i < k, v >Q and n>l with u+n < k—i+1 
and 7] G (0, 1]. There exists a constant c'f^ > such that: 

(a) // 

F{k - i + 1 - u,n) 



{k-i + 2y-» 
P < 1 + rj/c'f. and Vi > {c'j^/rjY , then 



> 



(b) If P <1 + 1/4 > Cfc; ^^en 



^ T(n-vn\ .,^^pOk{iP-irvi) 
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Proof. We will treat both parts together for the most part. The proofs of parts (a) and (b) 
will deviate only in the end. Set 



5= E 



0=so<si<-<s„<s„+i=Vig-e'»rAui,Vi) j=0 



Fix = So < Si < ■ ■ ■ < Sn < Sn+i = Vi and let mi, ... , m„+i be non-negative integers with 

Mj = mi-\ \-mj < Sj + Ui (1 < j < n), Mn+i = mi -\ h = r^. 

Also, put Mq = 0. Then we have that 

1 " 1 

Gi,sj=Mj G^^m^ + l K+Sj-A/j,Sj + i-Sj) 

l<j<n 

. f + Si - mi + 1) Wi{Ui + Sn- Mn + 1) \ A ('^J+l ~ Sj)"'^+'' 

<^ mm < — ^ -, — ^ > — , 

I mi + 1 m„+i + 1 J mj+i! 

by Lemma 18.41 applied for j = and j = n. Also, note that 

Uijuj + Si - mi + 1) ^ Ui{wi + rj - mi + 1) ^ Ui{wi + l)(n - mi + 1) 
mi + 1 ~ mi + 1 ~ mi + 1 

ri{ri - mi + 1) 
mi + 1 

and, similarly, 

WijUj + Sn- Mn + l) ^ WijUj + l)(g„ + 1) ^ ^ Tj^Sn + 1) 

m„+i + 1 ~ m„+i + 1 * m„+i + 1 ' 

So 

0=SO<Sl<---<Sn<S„ + l=W 

(8.2) 

X 



P-l \-{si + ---+s„) 
-'k-i+lJ 



y min^--"^^ + \ ^- + ^ In 



The inner sum in the right hand side of (18. 2p satisfies the following two upper bounds: it is 
at most 

y^Vi-mi + l (ti^^si)""^ [Yl]=ikiy+ji^j+i - ■'^j 
mi + 1 mi! (rj — mi)! 

1 f j - Sl + 1 / A . 



Til Si + 



0=0 
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and, also, it is at most 
Consequently, 



0=0 



0=1 



.^1 



= A^Tj- ^ 5((si,s„)exp{G(si, . . . ,s„)} 
where for x = {xi, . . . , x„) G [0, +00)" we have set 

Gix) = log (^(prrii)-^^'^^-^^"^ f - + 1 

and for (x, G [0, +00)^ we have set 

g{x, y) = min 
We claim that 

(8.4) S<^k,p/3i^ Yl 9is,s)exp{G{s,...,s)}. 

0<s<Vi 

To show (18.41) we will make extensive use of the following simple fact: if b : [m, m + 1] — )► M 
is a different iable function satisfying b'{x) > 6 > for all x G (m,m + 1), where 5 is a fixed 
positive number, then 

fe(m+l) 

(8-5) > e\ 

by the Mean Value Theorem. Fix a small positive constant rjo = i]o{k) to be chosen later 
and define J G {0, 1, . . . , n — 1} as follows. If 

F{k-i + l- 1^,1) 



(A;-z + 2)i-" 

then set J = 0; else, put 



< 1 + ^0, 



J = max <^ 1< J < n - 1 : > 1 + r/o ^ 
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Observe that 

= 1 + ^ -I'^ff- ' + ^ - V - 1) + 0.((P - 1)') (0<, <<=-, + !), 

Therefore if 1 < j < J, then Lemma 18.1( a) yields that 

(8.6) 

d 



dxj 



j times 



^ ^o(i^- l)jl0gPfc-»+l ^ Q 

2 

uniformly in < a;^ < • ■ ■ < x„ < Wj, provided that is large enough. So if J > 1 and we 
fix < S2 ^ ■ ■ ■ ^ -Sn; then we have that 

^ g{si, Sn) exp{G(si, . . . , s„)} <fc,p ^((sa, s„) exp{G(s2, Ss, Sg, . . . , s„)}, 

0<si<S2 

by (18. 6p with j = 1 and (18. 5p . Similarly, if J > 2 and we fix < S3 < ■ ■ ■ < s„ < fj, then 

^ g{s2, Sn) exp{G(s2, S2, S3, ... , S„)} <fc,P 5'(S3, Sn) exp{G(s3, S3, S3, S4, . . . , S„)}. 

0<S2<S3 

Continuing in the above fashion, we deduce that 
^ 5((si,s„)exp{G(si,...,s„)} 

Q<S\<---<Sn<Vi 

(8-7) 

<fc.p >^ 5((sj+i,s„)exp{G(sj+i,...,sj+i,sj+2,...,s„)}, 

V ■' 

which also holds trivially if J = 0. If, now, J = n — 1, then (18. 4p follows immediately by (18. 7p . 
So assume that J <n — 1. Then Lemma [8.1( b) implies that 

F{k - I - u - J,l) < F{k - i + 1 - u, J + 1) < 1 + rio 

and hence 

F{k -i + 2-u - < F{k - i - u - J,l) < 1 - rjo ( J + 2 < j < ra), 
provided that 2r]Q < F{k — i + 1 — z/, J+1) — F{k — i — u — J,l). Consequently, 

dG , , / F(A;-i + 2-z/-j, 1) ^ ^ _i/2 

^_,,o(P-l)logft-.,i <0 (J + 2<j<„) 
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uniformly in < Xi < • ■ ■ < x„ < fj, provided that c'^, is large enough. Thus, if we fix 
sj+i > and fj > s„ > > ■ ■ ■ > > sj+i, then we find that 

exp{G'( gj+i,...,.gj+i , sj+2, . . . , <fc,p exp{G'( gj+i,...,gj+i , sj+3, . . . , 

sj+i<«.J+2<sj+3 j+1 times J+2 times 

by (18. 8p with j = J + 2 and (18.51) . Similarly, if we fix sj+i > and fj > s„ > s^-i > ■ ■ ■ > 
"Sj+4 > sj+i, then we have 

> exp{G(sj4.i, . . . , sj+i, sj+3, . . . , s„)| <fc,p exp{G(s 

^ " V ' 

sj+i<sj+3<sj+4 J+2 times J+3 times 

Continuing in this fashion, we deduce that 



g{Sj+l, Sn) exp{G(sj+i, . . . , Sj+i, Sj+2, . . . , 
^ V ' 

-— — ^» J+l times 

<fc,p X] 5((sj+i,sj+i)exp{G(sj+i,...,sj+i)} 



0<s,/+i<i'i 



which, together with (18. 7p and (18. 3p . proves (18. 4p in this case too. Finally, we use (18. 4p to 

prove parts (a) and (b). 



(a) First, assume that 



Note that 



F(fc-z + l-^,n) 

{k-i + 2)1-" - ^ ^ 



. . . , x)) = n(P - 1) logp._.+i ^-1 + ' + 0,{P -l + v] 

y yjP- l)n\ogpk-i+i ^ Q 
2 

uniformly in < x < fj, if c'^ is large enough. Hence 

gis, s) exp{G(s, . . . , s)} '^k,ri,p g{vi, Vi) exp{G(T;i, . . . ,Vi)} = ^^P{^^^^' - • ' ^»)} ^ 

0<s<Vi * 

by (18. 5p . which together with (18. 4p yields the desired result. Similarly, if 

F{k + iy,n) 



{k-i + 2y-' 
then we find that 

|(G(x......))<- "<^-^';'°g^^-^- <o. 

uniformly in < x < fj, and therefore 

E, , exp{G(0, . . . , 0)} 
g{s, s) exp{G(s, . . . , s)| <fc,,7,p ■ • 

0<s<Vi * 

Inserting this estimate into (18. 4 p gives us the desired result in this well. 
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(b) By (ED, we have that 
(8.9) ^ <fc P Pi^^ max e^^^'-'^^ <fc p A ■ max e^^^'-'^^. 

Til 0<s<Vi ' nl 0<s<Vi 

Since tjj = 1 + Ok{P — 1) for all j, we find that, for any < s < fj, we have that 



fo§ I {^i,^ ~ ti,u+n) 1" ti,u+n j — {U,u ~ ii,u+n) 1" ti,v+n ~ 1 + Ok{{P — 1)^) 

= - log (-^) + log(t,,+„) + Ofc((P - 1)2) 

and, consequently, 

max G{s, . . . , s) = max{ri log(ti,;,+„), -(P - l)vi\ogpk-i+i + log(ti,,,)} 

+OkiiP-l)\). 

Inserting the above estimate into fl8.9p completes the proof of the lemma. □ 

The proof of the next lemma uses some ideas from the proof of |Fo08bl Lemmas 4.8 and 
11.1] and jKlOal Lemma 3.8]. 

Lemma 8.6. Let r G and i G {1, . . . ,k}. There is a constant > such that 

E ^'^''K'.rt" «'=^'' ftS fii* - J- + z)'-')'".-'.), 

9ie'ar.i{ui,Vi) j-1 

provided that P < 1 + l/c'l. 

Proof. Since tj^o > ■ ■ ■ > > ij,fc-j+i = 1, we have that 

0<Sl<■■■<Sk-^+l<V^ 3 = 1 ^ ^'-^ ^ 

Also, 

n < n dff) ^ (g) n 

Thus, by setting 

mi = si and mj = sj — Sj-i for j = 2, . . . , /c — i + 1, we deduce that 

k-i+l 

(8.10) Tiigr 0,k-i + l)< (t,,i)"' J] 1 -Q 



miH hr7ife_i+i<t)i j=2 \yf^k-i+l 

mj>0 (l<j<fe-i+l) 
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Note that 

1 N /p , ^ (fc - ^ - J + 3) log(fc -t-j + 3) 

log(tij_i) = {P- 1) k-i + 2 ~ ' 

< {P~l){k-i-j + 2)\ogpk-i+i (2<j < A;-2 + l), 



provided that P — 1 is small enough, by Lemma 18.1( a). Combining the above relation 
with (18.101) and summing the resulting inequality over G %.{ui,Vi), we find that 
(8.11) 

Next, we claim that 

(8.12) T < j h +Y.\^-^A d^, 

where 

J - [Ui + IJ 



I, 

To see this, fix g^j G %.^{ui,Vi) and consider the set I^Qi) of vectors ^ G A^, such that 

\{l < i < Ti : S - I < Vi^j < s}\ = Qi^s (1 < s < Vi). 

Notice that if ^ G /(gfj), then fj^j+[«,+iJ ^ 3 fo^' all j, that is ^ G .y . Moreover, 



3 = 1 s=l j: vi£,j(^[s-l,s) s=l m=s j- Vi^^(z[s-l,s) 

m=l j: Vi^j<m l<m<Vi ' m=0 

Lastly, we have that 



Vol(/(g,)) ^ ^ 



Combining the above remarks, (I8.12p follows. To bound the integral in the right hand side 
of (I8.12p . we proceed as in the proof of Lemma 4.9 in |Fo08bj . The only difference is that 
we use Lemma [8.31 from this paper in place of [Fo08b[ Lemma 11.1]. This method gives us 



rA 



By the above estimate, ( 18. lip and (18.12p . we deduce that 

>,;0,fc-z + l) vl' 
j j ^fc Pi — f 



E Ii(£4i:il±il<<,ftHl:(,-i + 2)<--)".. 
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To complete the proof of the lemma, recall that 

i-l 



Ui<l + - — -—^ , , 

- log(/c - ^ + 2) ^ 



□ 



8.3. Proof of Lemmas 16.31 and 16.41 In this subsection we establish Lemmas 16.31 and 16.41 

thus completing all the steps in the proof of the lower bound implicit in Theorem 11.51 



Proof of Lemma WM Since gij < Gij <j + Ui<j + l for all j G {1, . . . , Vi}, we have that 



y -=fT— 



Pi P2 



P2 7^Pl 



Psi,j^{Plv,P9ij-l} / 



(8.13) 



> 



1 



n 



j=N 



:pk 



9i,j 



91,3 



k 



(log p^r^ tV /, j + i 



> 



TT 1 

^Jl 9iAi ■ ■ ■ 9i,v,i f-J^ \ (logpfe) exp [pi-"-'-' 
1 (logpfc)^'^ 



by Lemma |5.H provided that N is large. Similarly, if i G {2,...,k}, then gij < Gij < 
j + Ui < j + clog log for some c = c{k). Therefore 



(8.14) 



j + clog log 



j+clog logyi_ 



(logpfc_i+i)(log?/i_i) exp <{ p^fc_^j:i ^ 



^ 1 XT- (logpfc_i+i)^ 

2 ■'■■j- 9i,N^- ■ ■■9i,vJ 



provided that > > is large enough. Combine (I8.13P and f l8.14p with Lemmas 15.11 
and 18.41 and relation (16. 4 p to complete the proof. □ 



Proof of Lemma 6.4 Fix r G M*. In view of Lemmas 15.11 and 16. 2[ it suffices to show that 

k 



(8.15) 



-{k-Ji)vi 



T^{gi] Jj-i -i + l,Ji- Jj-i) ^ jT <' 



2=1 



9iX- ■■■91 



i=l 
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for every choice of integers = Jq < Ji < ■ ■ • < Jfc < ^ with Ji > i for alH G {1, . . . , k}. So 
fix such a. {k + l)-tuple {Jq, Ji, . . . , Jk) and set 



rp_fP-i \-{k-Ji)vi sr^ Ti{g {, Ji_i — i + 1, Jj — Jj^i] 
J-i — yPk-i+i) 2^ 



(1 < i < k). 



9i&%i {ui,Vi) 

Also, let 

I = min{l < i < k : Ji = k} 

(note that Jk = k, so I is well-defined). We claim that 
(8.16) 

'(fc-i + 2)(^-i)('^>-''') 



if 1< i < J, 



rA 



i-i 



max {l,{k-I + 2)(^-i)('^^--^), Y[{k -j + 2)(^-i)(''^-''^) [> if z = /, 



1 



if I <i<k. 



Note that if inequality f l8.16p is indeed true, then 



m— 1 



lUf^^^] max l[{k-j+2Y^~'^(^^-^^'>«k/3l[^, 
\ 1 rj / »nG{i,/,/+i} J-J. J-J. rj 

1=1 \i=i / j=i 1=1 

by relations ( 16. ip . ( 16. 2p and f l6.4p . that is (IS.lSp holds. So establishing (18.16P will complete 
the proof of the lemma. 

Before embarking on the proof of ( 18.160 . we introduce some notation and prove an inter- 
mediate result. For i G {1, . . . , /c} define J^ G {Ji-i, Ji} by 

(Pr:.^i)-^'^-'^^"(i..-m)'-'= . max (p^^J-(^-^)-(t,,_,+0^^ 

je{Ji_i,JO 

We claim that if i < J- < k — 1, then 



^.17) 



Ti <^k,e (3^^ik - I + 2) 

rA 



provided that P — 1 is small enough. Indeed, Lemmas 15.11 and 18.5( b) give us that 
(8.18) 

Ti-{k-i + 2)(^-i)(-'-'^') 

.OMP~l?v.)yr, (p^^J-(^-^)-(p^^J-(-^-^I)-(t,,;_,+0'^' 



(A;-2 + 2)(^-i)(^>-^») 
ti,j'-i+i 



^i+iJ 



T . I 
' I- 

rA 



exp|(P-l)(j;-2 + l) 
exp((P-l)(j;-z + l)£ 



(A; + 2)^-1 
_ P(fc-i + l, j;-z + l) 
k-i + 2 
F{k-t + l,Jl-i + l) 



1 - 



{k-i + 2y- 



r, + Ok{{P-m + l) 



a > 1 + e — - — — : — — log 
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For every i G {1, . . . , /c — 1}, condition (11. ip and Lemma [8 .21 imply that 

'{k-i + 2) log{k - i + 2) - 2 log 2 
log(A; -i + 2) V 
or, equivalently, that 

(8.19) {k-i + 2Y'^F{k - i + 1, k - i) > {k - i + 2)^ 
So if i < J- < k — 1, then 

(8.20) {k-i + 2Y-^F{k -i + l,J[-i + l) > {k-i + 2)'^-^F{k ~i + l,k-i) > {k-i + 2)', 

by Lemma [8.1( a). Inserting the above inequality into f l8.18p proves fl8.17p . 

We are now in position to show fl8.16p . First, if I < i < k, then Jj = Jj_i = k. So 

Ti{gf, Ji-i - z + 1, J. - Ji-i) = Tiig,; - z + 1, 0) = 1 

for every g- G ^j(rj) and fl8.16p follows immediately by Lemma [8.41 Next, let 1 < z < /. If 
J- > i, then fl8.16p follows by (18.170 . since we also have that Jl < Ji < J/_i < k — \. Assume 
now that J- = i — 1, in which case Jj_i = i — 1. Then 

F{k-i + l- ( J,_i - i + l),Ji- J,_i) _ F{k-i + l,Ji-i + l) ^ F{k-i + l,k-i) 
(A;-i + 2)i-" ~ (fc-z + 2)i-° - {k-i + 2y-<^ 

> {k-i + 2Y, 

by Lemma [8.1( a) and relation (I8.20p . Therefore Lemma [8.5( a) applied with rj = {k — i + 
2y -1 > implies that 

T. A^(pr-"ii)-^'-'^^^^(prrii)-^''-'^^'^'(t.ji-.+i)^' = p^^ik - z + 2)(^"^)('^-^>), 

that is (I8.16P holds in this case too. Finally, we bound from above T/. If / < J| < A; — 1 
or J/_i = / — 1, then (I8.16P follows immediately by (I8.17P and Lemma [8.61 respectively. So 
suppose that J'j G {/ — 1,/c} and J/_i > /, in which case we must have Jj = Jj = k. We 
separate two cases. Set 

F{k- I + l,k- I + 1) - F{k- I,k- I) 
= 2(A:- 1 + 2)1- >0 

and assume first that 

F(fc - / + 1, j; - / + 1) _ F{k- I + l,k- I + 1) 
{k-I + 2y-" ~ (A; - / + 2)i-" 

Inserting the above inequality into (I8.18P implies that 

T,«fc/3,^(A;-/ + 2)(^-i)('-^-^^), 
provided that P — 1 is small enough, thus proving (18.160 in this case. Finally, assume that 

FXk-i + yk-i + i) 

— (fe-/ + 2)i-^ ^^ + ^^- 
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Then 

F{k-I+1- {Jj^i - / + 1), J/ - J,,i) ^ F{k- Ji_,,k- Jj^i) ^ F{k-I,k-I) 
(A;-/ + 2)i-" ~ (fc- 1 + 2)1-" - (^_/ + 2)i-" 

<l-Vi 

which, together with Lemma [8.5( a). shows that 

thus proving (18.161) in this last case too. This completes the proof of the lemma. □ 
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